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Abstract

The paper presents Tozer’'s study of the effects of the meakianiof productive activities on
employment as an effort to devise a mathematical model, asatytieal method that would be
more general and robust than Ricardo’s numerical examples. Thadiottry nature of this
achievement is emphasized: while with the help of algebra, Toade significant progress in
model building in economics, it is argued that his contribution to a despkerstanding of the
phenomenon under study is much less satisfactory, due to the déBduétifaced in his effort to
incorporate consumption and demand into a classical analytical framework.
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0. Introduction

In 1838, John Edward Tozer (1806 — 70), a Fellow at Caius College in dgmhpublished an
article entitled “Mathematical Investigation of the Effect Machinery on the Wealth of a
Community in Which it is Employed, and on the Fund for the Payment ge®Vain which he
discussed the following problem: “A portion of capital, which either has been or wardbban
employed in the payment of wages, is used in the constructiorachinery; to determine the
effect on the wealth of the community, and on the fund for thenpay of the labourer” (Tozer
1991 [1838]: 164).

The question of the effects that the mechanization of productive t@stivnay have on
employment levels was a much debated subject in eaflycé8tury England. David Ricardo
addressed this issue in the famous chapter 31 (“On Machineryheredded to the third edition
of hisPrinciples of Political Economy and Taxati¢t821). His well-known claim that the use of
machinery may be detrimental to workers aroused great controaersgg his contemporary
economists. Tozer was one of those who criticized Ricardo, basaalthe grounds that the
latter's use of numerical examples as his main device feowdisy and proof was inadequate:
“The method that has generally been employed has been to take numesitgles, and the
results of these have frequently been assumed to lead leglyn@general conclusions”. Since
such examples involve specific cases in point, no general conclusaond®ec drawn: “the
numbers have been generally assumed without reference to seaditid though it may
sometimes have been carefully stated, that the conclusions could sesgashigher degree of
truth than the premises, the impressions on the minds of generaisreamed be favourable to
that particular conclusion which the example chosen tended to sugpor2r 1991 [1838]:
164).

Tozer tried to broach the problem of mechanization from a diffenegle, devising an analytical
apparatus that can be viewed as a sort of “model” beforgnits capable of dealing with
technical unemployment in a full and coherent fashion. Instead of therimal examples upon
which Ricardo and others had based most of their work, he chose &bgebra, so as to render
his deductions “necessary” and “general”’ (Tozer 1991 [1838]: 164).

The question arises whether Tozer’s intention to go beyond the samiiimetic of numerical
examples, and devise a more general and reliable methodologydvaskgkbraic tools, led him
to satisfactory results. Did it improve his understanding of the phemamof mechanization and



of its effects on employment, so that it could beat numerixamples? Did it pave the way
towards relevant progress in the studies being done at the timedranization-related issues?
A previous article by Christian Gehrke (2000) provides a partiakemt these questions, by
claiming that Tozer’s application of his own model to the numlediata that Ricardo had used in
a well-known example of chapter 31, revealed a surprising incamsyste the argument put
forward by the author of th&rinciples In this sense, Tozer's attempt to emphasize the
inadequacy of numerical examples can be considered a successptasiet paper, we aim at
exploring the 1838 model in further detail, in order to evaluate gmgtins and weaknesses in
representing the phenomenon of mechanization and its social effecighalextent was it a
reliable method for estimating how the mechanization of productitreitees affected living
conditions in a community? To answer this question, we distinguish ttreematical form and
the economic content of the model, and examine each of themtsgparaorder to assess to
what degree the activity of modeling with the help of algebraistowy have contributed to a
better understanding of mechanization.

Although we present a slightly simplified version of Tozer'sshlg, it will undoubtedly appear
cumbersome, difficult to follow, and obsolete in terms of what we kromlayt It may thus be
believed that the difficulties in the author’'s argument, if ang the result of poor mathematical
formulation. However, we show that it is not the case: though €@ard at times tiring, Tozer’s
formulae do not lead him in any trouble. In contrast, we claim ttiatauthor’s insufficient
understanding of some key economic linkages is largely responsild@domajor shortcoming
of his model. Our argument basically relies on a thorough examirgittbe main analytical tool
upon which Tozer's theoretical construct is based, i.e. the notion of “cartyngain”. He
introduced it in an attempt to assess technical change not fromethkgoint of a producer who
will change a production technique if that helps to cut production costgpbuthe perspective
of society as a whole, including consumers. Surprisingly enough, tidg notns out to be fairly
similar to other surplus measurement definitions that were loeingpcted at the time by French
economists and engineers, ranging from Jean-Baptiste Say (i®¥3)[to Henri Navier (1832).
It can also be criticized in much the same way as Jules D(i@8¢%a [1844], 1934b [1849])
attacked these analyses: specifically, Tozer's suggesigatien over-estimated the advantage
consumers derive from the implementation of more capital-intersohmigues. We suggest that
this difficulty can be explained by the fact that the author erashe whole unable to model



consumers’ point of view, in that similarly to most theoreticiansladsical inspiration, he was
still beholden to a schema focused on evaluating production costs frapitalist’s perspective.
The lack of a sufficiently developed theory of consumption and demaoid inadequate
mathematics, is responsible for Tozer's failure to devise a&aomeasure of the gain of the
community. In all fairness, however, it should be said that the problemeslafling consumption
and demand within the classical analytical framework, whereeategr weight had traditionally
been placed on production and supply conditions, had no trivial solution. Even Dopassire,
able as it is to incorporate aspects of consumers’ evaluationoosgand services that Tozer’s
community gain concept fails to capture, would not be entirely satisfautoey due to the partial
analysis framework on which it is based.

As a conclusion, we highlight that the interest of Tozer’s arigltwofold. First, it is evidence
that mathematics did contribute to the progress of economic theomgaking it more rigorous
and general —thus in this sense, the author was right in critictaisg tvho reasoned in terms of
numerical examples. Yet his incorrect formula for calculathig gain to the community also
hints that the use of mathematper sedid not solve all problems, and on the whole, it improved
his understanding of the phenomenon under study only marginally —thus suggestiagsolid
grasp of socio-economic relationships, independently of the matheimatipport, is an
indispensable requirement for consistent modeling.

Second, Tozer’s paper clearly brings to light the emergencéeoiseon in the economic thought
of the first half of the nineteenth century, insofar as, sinyiléol other scholars of different
nationality and background, he felt the need to incorporate consumption anddderta
economic analysis, but found it difficult to do so while preservinthatsame time the basic
theoretical framework and the main achievements of the classitaol. This seems to be one
reason why Tozer’s model, after all, contributed little to the advancementedry bf consumer
behavior —and perhaps, one reason why other theoreticians of thevéntaadly moved much

further away from the classical tradition.

We begin by presenting Tozer’s article, a necessary precaamditi what follows (par. 1), while
at the same time introducing a few specific remarks on péatlg interesting points. We then

use this material to discuss the mathematical form and themeuc content of the model, by



drawing attention to the community gain concept (par. 2). In thelusion, we summarize the

main achievements and the shortcomings of Tozer’s work.

1. Tozer’s article

1.1 Machine-building reduces the fund available for paying wages

Tozer distinguished the phase in which the machine is being builttrerone in which it is
utilized in production. Beginning with the first one, he assumedatlapitalist possesses a stock
that he initially uses to pay the wages of workers employed to produce som®dity. Imagine
that he decides at a certain moment to redirect some of thitsld@wards a machine-making
project. Ifn > 1 years are necessary for the machinery to be builcaghalist will invest every
year a constant portion of his capital, sayt the beginning of the first year, he can use the
difference between the total initial capital and the investm& continue paying workers their
wages. The amount available for them will be reduced by ati(gpiaqual to, and will therefore

be lower than it was in the previous period, or than it would have Ipettve iabsence of any
plans to build a machine. At the beginning of the second year, withesiaeate of profit in the
economy ofr, the investment undertaken the year before will be widfdh+ r); the new
investment will still be equal tg and the total reduction in the amount available for the payment
of wages will be equal to the sum of these two quantifigst (1 + r)]. At the start of the third
year, the total value of worker wages will fall iy + (1 + r) + (1 + r)?], and so on, so that at the

beginning of the"" year, the reduction in the fund set aside for paying waggs4s(1 +r) + (1
+1)?+ ...+ (1 +r)"Y. This is the sum of a geometric series, equa'r&eu. This quantity
r

represents the future value of thel initial investments, plus the new investmenThe end
result is that the valué of the machine at the end of the last year will be equal to:

V = i@+ r)[A+r)"-1]
r

1)

The capitalist's machine-building investment implies a reduction in the amount ofduaitble

to pay wages. At the end of theyears needed to build the machine, the reduction in this fund
will be equal to the value of the investméhtHowever, the reduction in the stock that all the
entrepreneurs in the economy set aside for the payment of widbbs lower thanV, because

some of the expenses incurred in manufacturing the machine wilidmted to pay the wages of



the workers producing it. Tozer assumed that this is a constatibfraequal tan (m < 1) every

year. As a result, the total reduction in the stock destined fqraypment of wages is equal lto

= i(1-m) the first year, with representing the diminution of this stock in the branch producing

the commodity in questigmndmi its increase in the branch producing the machine. The second

year, the stock that all entrepreneurs set aside for payiggswalls, compared to the initial

period, byl, = i[1 + (1 +r) —m], with the element[1 + (1 + r)] representing the drop in this

stock in the branch in questicandmi its rise in the machine-producing sector. The third year,

the reduction of the stock destined for the payment of wages is equal t[1 + (1 +7r) + (1 +

r)? —ni, and so on. In the™ year, the overall fall in the fund used to pay wages in the economy

IS:

| :i[(1+r)”- 1
r

(@) m|

Despite the compensation symbolizednigythe wage fund throughout the whole of the economy

falls every period. Note that its diminution is an increasing function of time.

1.2  On the use of machines and its positive effects for the community

Let us consider the machine-utilization phase now. Tozer's gfgrtimt is his calculation of an
annuity A representing that part of the cost of producing the commodity iniguelat can be
attributed to the machine’s utilization over one yeéars equivalent to gross profits, including
both the net profit¥r that the machine yields annually and its depreciation, i.e. an amdthat
has to be set aside every year to replace the machinenafterars. Since is equal to

Vr

——  then:
[(A+nr)"-1]

Vr _ovr@+n"

3 A=Vr+ . = .
[(A+n)" -1 [@+r)"-1]

Let p; andy; be respectively the price and the produced quamitithe commodity, one year after
the new machine is introduced, anddetindy, be the price and level of production of the same
commodity, before the machine is introduced. Tazeluded these variables in his calculation of
an indexG representing the gain to the community, i.e. tbe fof benefits accruing annually to
the whole community after the mechanization:



4) G=v@a+r)t-A.

0
At first glance, Tozer’s interpretation of equati@) seems to be relatively opaque: “the gain to
the community may be measured by the price thatduaave been paid for the produce y, minus
the price that is actually paid for it, when theffis of the capitalist have reached the average
rate” (Tozer 1991 [1838]: 167). Gehrke (2000: 48@)s tried to clarify this excerpt, by
considering that before the machine’s introductmapital equal t& would have allowed for
an annual production with a value\fl +r). Calling the physical production of the commodity
Yo, and its unitary pric@o, we can writeV/(1 +r) = poyo. As such, the first term of equation (4) is
equal topgy:. After the machine is introduced, the unitary eraf the produce; is equal to the
annuityA divided by the quantity producegb; :VA. The second term of (4) is therefore equal to

i

p1y1. By re-writing equation (4) to incorporate theswlings, Gehrke obtains:
(5) G=poyi-py1=(Po-P) V1
This interpretation gives an insight into Tozersaend formulation of the gain notion, based on
the idea that “this gain may be measured by thengaw expenditure, added to the cost of the
additional produce enjoyed, reckoning that coghatoriginal price” (Tozer 1991 [1838]: 167).
Before introducing the machine, a sum equal ineabipoyo, had to be spent in order to obtain a
physical produce equal tw; afterwards, the expenditure corresponding to alyce ofy; is
equal topys. The machine’s installation makes it possiblectodr total spending by an amount
equal topoyo — p1y1- At the same time, consideration must be givetheadditional produce

enabled by the machine: reckoning it at the inpiate, its value i$o(y: - Yo). By considering

thatpoyo = V(1 +r) and thaipyy; = A, and sincgy (Y1 - Yo) = P, yow, Tozer obtained the
Y

0
following equation:
6) G=V@+r)- A+va+r) 2 Yo=ya+nA.a
0 Yo

thus returning to equation (4).

Tozer explained that the conditigia > p; would always be satisfied when a mechanization

occurs since, ip; were greater tham, the capitalists who have introduced the machioelevbe



forced to face higher costs compared to other alégig who only use human labor. The net
effect would be that the machine could no longepiditably used in production: “It may be
observed thap, cannot be Xy; if it were, more than the ordinary rate of prefibuld arise from
employing labour, and the machine would be supededTozer 1991 [1838]: 168). Tozer
showed that the gai@ is positive ifpy > p1. Sincepoyo = V(1 +r), andpyyr = A, it follows thatyy

- Va+n) , andy; = A. The ratio 2~ is equal to:
Po Py Yo
7o i _Poy, A
Yo B V(@+r)
By replacing (7) in (4), we get:
8 G=va+r) P A a-ale g
p V({@+r)

This expression is obviously positive whay™ p;.

At this stage, two preliminary remarks can alrebdymade. First, the above argument presénts
as an effort to integrate into a single indicatee viewpoint of both producers and consumers.
We have mentioned that producers switch to a nehntgque if this allows them to reduce
production costs; since the resulting lower priaes obviously advantageous for consumers, a
positive G means that a decision taken by the former bertbitdatter, so that “the gains of the
capitalist are included in those of the communitiaege” (Tozer 1991 [1838]: 169). Second, the
line of reasoning that has been followed bringigiot the far-reaching implications of Tozer’'s
calculation, meaning that any mechanization, decsladely by capitalists on account of their
own interests, is good for society as a whole.

1.3  Variations in the rate of profit

Equations (4) — (6) are valid if the mechanizatdma productive branch has no consequences for
the overall economic system, i.e. if the genert cd profit in the economy remains at its initial
level r after the technical change. This is why the irmteggion proposed in equation (5), which
only shows the price and the quantity of the mendise in question, is legitimate. Tozer viewed
this as a specific case in point, and tried to rektieis analysis to cover situations in which the
mechanization of a productive branch leads to cbsug the rate of profit in the economy as a

whole. In general, “the motive of the capitalistsupplanting labour by machinery is to procure



for his capital more than the ordinary rate of ptqfTozer 1991 [1838]: 168). The definition of
the annuityA does not vary as the rate of profit rises — orlg bas to replace by its new value
r'in (3). Similarly, the definition o5 does not change, because it is supposed to takalsts’
interests into account (Tozer 1991 [1838]: 169).

Under what conditions will the community gai be positive if the rate of profit rises? For
Tozer, the community gains whenever the price fatisn po to p1 < po as the rate of profit rises
fromr tor (Tozer 1991 [1838]: 169). Tozer justified this bgnsideringpy, the price of the
commodity before mechanization, in relation to post-mechanization possibilities: a new price
p" preserving the previous general rate of pnoféind a pricep, that allows the rate of profit to
rise tor' > r. The value of the increased produce enabled byridehine’s implementation is
given by annuityA, as defined in equation (3). This can be re-writs:

@ A=V o v
[(A+r)"-1] [1- @+r) "]
As a result,
oo Vr o Vr'
WP EAT ey M P ey

It follows that:

y roJi- @+r)"]
11 = X—x%—— 7 -
( ) p pl r. [1_ (1+r)—n]
The community gain is positive if the initial pripgis greater thap”, i.e.:

WL @)
(12)  po>ps r'x—[l- a+r) "]

Gehrke (2000: 492) notes that when> r, the term wa is smaller than 1.
r[i- @+r)"]

Consequently, inequality (12) may be satisfied emesome cases in whighy < p;. It follows

that the conditiomo > p; is sufficient, but not necessary, 6r> 0.

On this basis, we believe that Tozer’s findings t@nsummarized, in the terms of modern

classical theory, by saying that the introductiérmachinery in the process of production of a

non-basic commodity —i.e. a luxury good- has atpaseffect on the whole communiti (> 0)

if and only if it lowers the price of the commoditynder consideration. On the contrary, the

mechanization of a branch producing a basic comiyiedie. a necessary good- has effects on



the economic system as a whole, leading to a nuadiifin in the general rate of profit: in this
case, not only a lower price always causds be greater than zero, but a positive gain nsy a
arise without any significant decrease in the poicthe commodity.

However, Tozer himself did not draw any precisdimiision between the two cases, and did not
further investigate the conditions under which &ateon in the general rate of profit may take
place. In the remaining part of his article —ardyafor simplicity’s sake- he took into account
only cases in which the rate of profit is the sdatore and after the introduction of machinery.
Apparently, he was more interested in highlighting implications for the political debate of a
situation in which an increase in the rate of prisfiaccompanied by a positive collective gain,
because in this case, the capitalist's searchndividual advantages proves to be compatible
with the interests of the community: “If we assuthat a capitalist will employ machinery or
labour as one or the other will procure for him kighest rate of profit, then the employment of
machinery will always increase the wealth of thenowunity. Not only is the capitalist unable to
secure his own advantage at the expense of any d#ss, he cannot even prevent a general
participation in the benefit” (Tozer 1991 [1838F.2).

14 Increase over time in the fund for the payment of wages

Tozer then tries to study the effects of mechaimnabn the fund set aside for the payment of
wages. His starting point is the observation tlatthe beginning of the machine-utilization
phase, this fund will fall by an amount equaMowhy? We have seen that during the machine-
building phase, the annual diminution in the waggnpent fund set aside by all the entrepreneurs
in the economy is less than the annual diminutiothe wage fund of the branch producing the
commodity under consideration, because a portiaf the annual investments being paid to
the workers in the mechanical sector producingntaehine. However, at the end of the final
year of the machine-building phase, the machin&gdimgj workers will have completed their task,
and therefore they will be made redundant. Theatiolu in the stock set aside for the payment
of wages in the whole of the economy at the enth@imachine-building phase -which coincides
with the beginning of the machine-utilization phaseequal to the reduction in the wage fund of
the sector producing the commodity in question,cwhs equivalent to the value of the machine
V.



Nonetheless, the actual reduction in the fund sielieato pay wages during the utilization period
will be less tharV. One initial form of compensation stems from théding of new machines -
insofar as the machine that is currently used malle to be replaced at the end of its lifespan,
capitalists will set aside a portionof the annuityA, after having deductedr in profits, so as to
be able to advance the wages of the workers mawifag the new machine. Another form of
compensation stems from the possible existencepaisdive collective gain. The quanti is
an annuity calculated in monetary or other unitsnefasurement, from which a given portion
(wherek < 1) is destined for immediate consumption, anotlar portion (1 K) for additional
investment. In all likelihood, a portiom, of the spending on additional consumptids plus a
portionm, of the spending on new investments |G, will increase the fund for the payment of
wages.
With givenk, m, m andny, the author calculated the annual variation invlage fund during
the machine-utilization phase. L8t be the reduction of these sums in petiothen:
(13) D1=V-mA-Vn—[mk +m(1l-R]G

D=V -mA-Vn—[mk +2my(1 - R]G

As time passes, the reduction in the wage fundrbesdncreasingly smaller. Tozer thought that
this reduction may even turn negative, meaning frioah a certain date onwards, the wage fund
will start to increase. This date corresponds to the number of years that haveafuse| starting
from the beginning of the machine-utilization phasesatisfy the conditioDx = V — m(A - Vi)

— [mk + t*my(1 — B]G < 0. By substituting the value of the variabkesindG into (13), Tozer

obtained:
(14) De=V-mx{ % -V} = [mik + tmp(L — R] x{ V(L + r);/—: +
- —Vr(1+r)”' }<0,

[(A+r)"-1]

which can be rewritten as:

e [mik + tma(1 — B [ (1 + 1)L +

(15) Vv{1+mr- (a0 -1 Ve

10



re+r)"

IO R

SinceV > 0, the sign of this inequality depends on thentbetween parentheses. Hence the need

to solve:

r@+r)" Yo r@+n)T L
(16) [1 +mr - (o 1] ] - mukof (1 + r)y—o- m] < t*rmy(1 —K)¥(1 +
+ r)ﬁ + - ra+n" ]

Yo [(1+ r)n‘ - 1]

By isolatingt*, we get:
[(A+n)" -1] . m Kk

_ Y, r@+n)”  m @K
M- e T

17) >

From datd* onwardsthe wage fund increases every year. In summaeyiettiuction in the wage
fund is initially generated by the transformatidrcioculating capital into fixed capital; then, Wit
increasing use of this fixed capital, unemploymanmigressively starts to dissipate, until it falls
back to its initial level. Afterwards, it may evéadl below the initial level, due to the creatioh o
additional jobs: “The operation on the labouretasabstract a fund which has been or would
have been annually employed in the payment of wagesannually renewed by the produce due
to his exertions, and to supply a new fund, byeasing the wealth of the community, a portion
of which will in general be paid as wages; thistioor is at first smaller than the fund abstracted,
but it increases without any assignable limit, idugidity of increase depending on the proportion
in which the new fund is divided between the lalownd the other classes of society” (Tozer
1991 [1838]: 172).

The implications of Tozer’'s reasoning for the podit debates of his time are noteworthy. The
claim that the initial reduction in the wage funé@yrbe more than fully compensated over time,
and that as a consequence, the introduction of mashinery turns out to be beneficial for the
working classes, is mitigated by the fact that spokitive outcomes are only to be expected in
the very long run. As shown above, Tozer’s formulaply that the wage fund deteriorates

11



steadily during the entire machine-building phas®] that it shrinks further, albeit at a slower
pace, after the utilization phase has begun. A am@sm capable of gradually offsetting this
reduction is only set in motion some time afterithechine has been put in use —i.e. at thetjate
that make®d negative. It may take even longer to increase thgewfund up to its initial level
(and possibly above it), depending on the speetaiimulation, as reflected in the values of the
parametersn, my, mp, k. Hence, the negative effects of the introductibmachinery on the wage
fund are not limited to the transition phase frohatvwe would call today one long-period
position (corresponding to the old non-machinergdoiaproduction technique) to another one
(the new technique, using the machine), but mayftessome time after the new technique has
been adopted: strictly speaking, technological yleyment is not a transitional phenomenon
only. In this sense, although Tozer hints that ysleyment will eventually be eradicated, his
algebraic formulation does not disprove Ricardo&swthat the introduction of machinery may
be “very injurious to the interests of the clasdatforers” (Ricardo, 1951 [1817-21]: 388), and
that “the opinion entertained by the labouring slathat the employment of machinery is
frequently detrimental to their interests, is rmirided on prejudice and error, but is conformable
to the correct principles of political economy”(119R.817-21]: 392).

Before concluding on this point, the accent shalkb be put on the absence of any explicit
assumptions about the real wage rate in Tozer&.wbdireduction (rise) in the wage fund may
imply falling (rising) employment levels or a faif (rising) real wage rate, or both: without any
clearly stated hypotheses on wages, it is diffitolevaluate the overall effects of a reduction
followed by a later increase in the wage fund. #yrbe argued that Tozer implicitly assumed a
given real wage rate —e.g. fixed at some “subgsistetevel, as in the classical tradition of his
time- so that any variation in the wage fund haereussions on the level of employment only,
as he seems to claim. This is, however, a drastiplification, because the mechanization is
likely to be associated with higher capital growitnplying increasing demand for labor that
tends to increase wages above the subsistence teeebdjustment process might be more
complicated than Tozer believed, involving changeth in the wage rate and in employment

levels.
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1.5 Adjusting the notion of gain
It has been shown earlier that the calculationhefdainG as suggested in equations (4) — (6)
presupposes a notion of community that does inctaesumers; a possible criticism is that it
neglects their being workers at the same timeadt, the definition o does not account for the
fact that the advantage that households, as comsuderive from reductions in the price of the
goods they buy may be undermined by the loss obnmec from which these very same
households may suffer due to the fall in employnienels. Tozer seems to have realized that
this leaves open the question of the relationskigvéen the capitalist and working classes, the
fundamental problem that Ricardo had tried to de#h in his chapter 31. He attempted to
overcome this difficulty at least in part, by catesing that, if the introduction of machinery
causes unemployment for some of the workers whd tesbe employed before, the community
will have additional costs to pay. Specifically, tie community takes care of the newly
redundant workers, whose wages had been paid vpitiiteon |V of the capitall(< 1), the notion
of gain will assume the following form:
(18) G =V@+n)2L -A-lV

0
The notion of gain expressed in equation (18) exly incorporates workers’ living conditions,
by including the costs that consumers and produtars to pay due to the presence of a pool of
unemployed persons —arguably in the shape of higbers to fund additional government-run
social assistance programs, or of increased dasattocharities.
Two remarks are to be added at this point. On the loand, this correction is somewhat
incomplete by modern standards, because it failstat® into account the demand for
consumption goods that comes from spending welbareefits. On the other hand, it can be
shown that in equation (18) a price reduction doeessimply a positive gain. By substituting
equation (4) into (18), we may rewrite the latter@ = G - V. This alternative formulation
shows that the gain of the community may be eifphesitive or negative, depending on the
comparison between the cost that society is readgaur, represented by the total amount set
aside to help persons suffering from technical ysleyment IV, and the advantag& =

V(@+ r)i - Athat stems from the reduction in the price ofdbmmodity under consideration.
0

13



On this basis, the question arises of the conseggeofG' £ 0 on in the variabl®; -i.e. the
diminution in the wage fund resulting from the ugethe machine in yedar Consider first the
caseG’ = 0: the demand for capital goods and consumptiaalg remains the same, and the only
element that makes the reduction in the wage fumaller thanVv every year is the need to build a
new machine. Equation (13) thus becomes:

(19) Di=V-m(A-Vr), "t=1,2,..n

The fall in the wage fund is constant, smaller tiaandpositive. There is no dat& when the
variableD; becomes negative. The wage fund never rises dibe tase of the machine.

Consider now the casg’ < 0: demand falls for both capital goods and consion goods. As a
result, income drops in all the sectors producinghsgoods; in turn, this may generate an
additional reduction in the wage fund. Equation) (i@&comes:

(20) Di=V -—mA - V) + [mk + tmy(1 —K)]G’

The variableD; is positive, and can even be greater thaimhe wage fund falls over time. This
means that the previous positive findings are dmarably weakened when we include the social
cost of unemployment into the community gain caltiah: in this case, the wage fund is never
brought back to its initial level. Yet Tozer didtremphasize this possibility. In the conclusion to
his article, he stressed again the positive effettmechanization, as well as the compatibility
between the capitalist’s interests and those aégoas a whole.

2. Mathematical form and economic content in Tozer’'s model

2.1 Is the modern notion of “model” appropriate?

Before any further discussion of the merits andtsbmings of Tozer's work, we should justify
the claim made in the introduction that it can leersas a sort of “model” before its time.
According to Giorgio Israel (1996), the trend todamathematical modeling dates back to the
early 20" century, since very few models were built befére year 1900. Can Tozer be thought
of as a forerunner of these later developments&nbBwer this question, let us examine his work
in the light of some of the distinctive charactécs of modern modeling. A model can be
thought of as a theoretical construct that repitssan economic phenomenon with a set of
variables and of clearly stated relationships betwiem, thus providing a consistent framework
that is supposed to enable logical reasoning albhagipphenomenon. It is particularly interesting

for our purposes to notice that a model is not egpg to capture the “true” nature of a

14



phenomenon; nor does it purport to justify it ie tontext of a general and unitary explanation of
reality. It is meaningful insofar as it can be ected to account for the different aspects of the
phenomenon under study in a coherent manner. tndaceral models can be built to describe
one and the same phenomenon, and inversely, the saael can sometimes be used to describe
different phenomena, so as to ascertain analogies@st them. This aspect seems to correspond
to Tozer’s intentions, since he was seeking tatsalhe question of mechanization and its effects
on employment from other problems in political emay (Tozer 1991 [1838]: 163), so that his
sole focus would become whether it is possibladod the various aspects of this phenomenon
correctly. As he wrote in the introduction of hi83B article: “the particular problem under
consideration is of very limited extent, and ofyeasy solution” (Tozer 1991 [1838]: 164).

Tozer was well aware of the advantages of this atktin his view, focusing on one specific
problem allows rigorous analysis, provided everyghelse remains the same: “the science that
results [...] acquires an almost entirely demonsteatcharacter — becomes a series of
propositions which are logical deductions from assd definitions, and form those properties of
the things defined which furnish axiomatic trutli$dzer 1991 [1838]: 163-64). If the economic
reasoning follows an unerringly deductive path, tlee of mathematics becomes not only
possible, but even indispensable: “[the sciencé thaults] is therefore a subject to which
mathematical reasoning is not only proper but resrgs (Tozer 1991 [1838]: 164). By
“mathematical reasoning”, the author is clearly meterring to the arithmetic used in the
numerical examples upon which his contemporariesbaged most of their work, but to algebra,
capable of sustaining economic deductions thabatle “necessary” and “general” (Tozer 1991
[1838]: 164).

This argument seems to be confirmed by the appendike 1838 article, where Tozer applied
his own model to study the numerical examplesibhh Barton, Sismonde de Sismondi, John R.
McCulloch and David Ricardo had used to present then positions on the problem of the
social effects of machines being introduced intodpction. Tozer did not explicitly state the
purpose of this exercise, but in line with the moeiiogical attitudes he expressed in his
introduction, we think that this was an attempt tbgn to offer a concrete portrayal of the
generality of his algebraic model: numerical exaaptan only describe a particular case in

point, while a model can be adapted to the studyanriy cases.
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In a certain, definite sense, Tozer aimed at tgreiconomics into a deductive science based on
mathematics. This objective is undoubtedly highhgb#ious, and the approach he adopted,
consisting in the construction of a mathematicaldetorepresenting mechanization, is very
modern in nature. In this respect, Tozer's work \ehgsad of its time, and can be seen as a

forerunner of later developments in mathematicahemics.

2.2  The mathematical form: is Tozer’s algebra inconsistent?

Although we have slightly altered the original rictta and presented a “modernized” version of
Tozer's equations, more accessible to today’s readee mathematical arguments presented
above still appear rather awkward. Sometimes, lihay extremely complicated, as in the case of
the formulae (14) — (17) above, or even somewhature, as in the case of the gain formula
itself. Despite the novelty of Tozer's approacht thaticipates the more modern trend towards
mathematical modeling, his algebra certainly dagsmeet the present standards of elegance and
conciseness. This criticism should be nuanced, tenydy considering that several authors in
mathematical economics shared these same problging the first decades of the"™ @entury.
More significantly, it is to be stressed that thare no purely mathematical incongruities in
Tozer’s paper. Indeed, cumbersome notation doesnmatidate formulae (14) — (17), but the
author’s failure to make appropriate assumptionsceming the real wage rate may well cast
doubt on their usefulness. Similarly, difficultiesinterpreting the gain formula are mainly due to
unclear statements about its meaning, not to pigebeaic formulation. For this reason, we now
turn to the economic content of Tozer's model, rideo to assess whether the imperfections that
have just been mentioned are traceable, not toumdsanathematics, but to a somewhat

inconsistent view of economic phenomena.

2.3  The economic content of Tozer's models: producers vs. consumers

To answer this question, we focus on the main &calytool upon which Tozer’s theoretical
construct is based —i.e. the notion of “commun#ing The above presentation suggests that the
author used some existing tools, e.g. annuity fémsgommonly used in financial mathematics
in order to measure the contribution of machinerpfoother fixed capital to value formation.
However, these concepts and analytical devices weggnally intended to assess technical
change exclusively from the viewpoint of a prodyedno will change a production technique if
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that helps to cut production costs. Tozer could beicontent with them, because he aimed at
evaluating the impact of technical change fromgéespective of the whole of society, including
consumers. Hence, he tried to go beyond existimgequts and to find a way of modeling the
perspective of consumers. This attempt resultedanntroduction of his notion of gaf®, which

is supposed to summarize the point of view of pecedsi and consumers in a single numerical
index.

Nonetheless, his effort was not really successfué to his lack of a deeper understanding of
demand and consumption phenomena. The problenatisvtien prices fall, a distinction should
be made between two types of consequences: agifex -i.e. the possibility of acquiring the
same quantity as before, but at a lower price-,andantity effect, that is, the fact that a lower
price may make it worthwhile to use the commoditynew ways or to satisfy less urgent needs,
which implies that consumers may have good reasorisuy more of it. Tozer was able to
incorporate the price effect, since he only hadefer to the criteria that producers habitually
apply to calculate unitary production costs, whidepend on factors that can be called
“objective” because they are supposed to be knawalltproducers -to wit, currently available
production techniques and input prices. Regardiegjuantity effect, the author did realize that a
technical change can alter not only a commodityigany production cost but also the quantity
that can be sold: he stated explicitly that mectstion causes a shift fronpe( yo) to (P1, Ya),
where production levelg andy; are not necessarily equal. Nevertheless, he ditiange a clear
idea of how to calculate the price at which he #hdae valuing the additional quantity sold
owing to the lower price. Eventually, he valued flmal equilibrium quantityy; at the initial
price pp and then at the new prige, before calculating the difference between the tatues
poy1 andpyy:. But since the quantity; - yo was not bought at the initial prigm, this process is
inaccurate, causing an over-assessment of the Bgumtions (4) — (6) are only valid if the
guantity purchased remains unchanged when the falise Tozer tried but failed to measure the
surplus from consumers’ viewpoint. His effort wast really successful, and Dupuit’s solution a
few years later (1844) would leave him far behind.

Figures 1 and 2 illustrate this important point. &diagram in which the quantity is represented
on the X-axis and the price on the Y-axis, the lsigrpn Dupuit’'s sense of this term is equal to the
area of the trapezoigoq’gps (figure 1). Dupuit (1934a [1844], Annexe) drew Isue diagram
himself, including a representation of the demaddedule and of consumers’ surplus, while
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Tozer did not; yet we take the liberty of representhis own suggested measurement on a
similar scheme, so as to compare it with Dupuif@zer's measure of gain, equal [ € py) Y1
according to in equation (5), could thus be represby the rectangleq’qp: (figure 2).

Needless to say, if the gain of the community ibeéomeasured by Dupuit’s criterion instead of
Tozer’'s, mechanization appears to be less favorblsociety than our author claimed. In
particular, equation (13) indicates that a lo®@emay imply a larger reduction in the wage fund,
and possibly the need to wait longer (i.e. in teens of the model, a high&r) before this
unfavorable trend is reversed, and the wage fuartssib rise again.

Po

P1 q

v
v

Figure 1 Figure 2

Tozer’s inaccuracy can be explained by considahagto correctly formulate the notion of gain,
he would have had to overcome the basic asymméiay éxists between producers and
consumers, one that stems from the fact that thvaradges of a technical change can be
calculated relatively easily for producers (sinde aae needs to know is the variation in
production costs per unit sold), while the advaesagonsumers derive from purchasing a good
will depend on subjective factors that are morditpieve than quantitative in nature, and which
cannot be expressed numerically right from thet.stozer gets around this problem without
solving it, by neglecting consumers’ specificiteasd therefore the need to introduce subjective
factors into his analysis. As a matter of fact,simaply applies a producer evaluation criterion

(i.e. measuring variation in production cost terbasjonsumers.
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It may be argued that Tozer’s inability to takeoimiccount consumers’ point of view in a proper
manner is due to his being strongly influenced lagsical theorists, who emphasized quantities
produced rather than quantities demanded. Howestlier authors of his time, who did
emphasize the role of utility and demand in ecomotheory, ran into similar problems. For
instance Say (1972 [1803]), who had identified comsrs’ advantage as the production cost of
the concerned commaodity multiplied by its quantitias unable to prove that a fall in this cost is
a real advantage for them. By referring to figurdni® notion of consumers’ gain, at a prge

can be represented by the surface of the rect@ygigo, whereas at a priga < po, it becomes
Oy:qp. A fall in production costs that translates intéoaer price will therefore only become
advantageous for consumers i@ > Oyoq'po. According to this criterion, paradoxically, ifeh
guantity sold remains unchanged, the fall in pigeonsidered to be harmful to consumers.
Another example of the difficulties that other aarthof the time were experiencing when dealing
with this problem is Navier (1832), who, in the saway as Tozer, overestimated the surplus, by
taking the product of the price variation and thltquantity sold after the decrease in price —in
our symbols, ffo - p1)ys: this is why Dupuit strongly criticized him. Appantly all these authors,
while more or less influenced by classical theofoesising on production conditions, were trying
to develop a deeper understanding of phenomengedeta consumption. Tozer's work was
much less developed in this respect than Say'sjthsitto be emphasized that no one of these
authors found an appropriate device to accountdasumer behavior.

It was not until Dupuit that a measurement proceautapted to consumer behavior descriptions
was finalized. By advancing the idea that consusueplus can be measured by the maximum
sacrifice s/he is willing to make to obtain a givgood, the French engineer was replacing
objectively calculable production costs by a sufyecnotion of benefit. On the one hand,
different quantities of an object can offer differ@dvantages to a given individual, depending on
the relative importance of the needs that the iddad is seeking to satisfy through the use of the
object. On the other hand, equal quantities of aneé the same object can provide different
advantages to different individuals, due to differes in needs and personal tastes. Thus,
consumer surplus, which may have appeared initiahyvague a notion to be quantifiable, could
in the end be expressed numerically, thereby redutie aforementioned gap between producers

and consumers in economic theory. This achievernanie at a cost, however, insofar as
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consumer surplus arguments rely on a partial aisalyamework, and thus suffer from the

limitations that this inevitably entails.

3. Conclusions

We have interpreted Tozer’s analytical construa agathematical model, in the modern sense of
the term. It is a theoretical device, capable gfitg with the specific problem under study in a
coherent manner, and general enough to cover aerushiparticular cases, previously presented
by other authors with the help of simple numereshmples. It even allowed criticizing these
authors, including Ricardo.

The main conclusion of the model is that mechamnatimplemented by self-interested
capitalists, turns out to be good for society agale. However, this is only true in the very long
run; indeed, during the phase in which the machmebeing introduced, technological
unemployment may well arise, and even persist fohiée after the machine has been put to use.
More complex versions of the model, allowing foaobes in the general rate of profit due to the
change in production technique, or taking into aotdhe social cost of supporting the workers
that have been made redundant by the introductianazhinery, lead to even less optimistic
conclusions, in that they make unemployment ayikahg-term outcome. In this sense, Tozer’s
algebra ultimately confirms the main point that&do had been trying to prove with the help of
numerical examples in his Chapter 31.

Despite its merits, we have highlighted some ofitpgerfections of this model. In particular, the
key notion of community gain is unsatisfactory,itdeads to over-estimate the gain that society
obtains from mechanization. We have argued thah sart inadequacy is not due to the
mathematical form of Tozer’'s article, which is @@in many respects, but not substantially
inexact. Rather, it is the result of the authonsuifficient understanding of the underlying
economic concepts and linkages. Tozer’s idea ofnconity gain, by hinting at the fact that a
decrease in price benefits consumers, clearly aelitthat the latter’'s perspective had to be duly
evaluated, in order to accurately assess the weeiigbof the entire society. However, while the
author seems to have had a fairly sound understgradiproducers’ choice criteria, and modeled
them suitably, he did not have a solid grasp osoamption and demand behavior. This led him
to a biased definition of the gain to the commu@tywhich invalidates some of his calculations,
further supporting the idea that long-term unemgpiegt may well result from mechanization.
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