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Issues in Life Cycle Modeling of Fertility Behavior
1. Features of Life Cycle Models of Fertility and The Optimal Solution
Models include components from:

(1)  models of optimal life cycle consumption,

(1)  models of life cycle labor supply decisions,

(i11) models of human capital investment and accumulation,
(iv) stochastic models of human reproduction.

1.1 Parental Preferences

Lifetime parental preferences considered in the literature takes the following form:

(1) U=Y Bu(a,l,.s,).
where

/, 1s mother’s non-market, non-child care (leisure) time at age ¢,

s, 1s parental consumption,
[ is the couple’s rate of time preference (0 < f< 1),

a;, the flow of child services parents receive at age ¢ from their stock of children, is
governed by

2) a,=g(b,,b,....b,),

where b, = 1 if the parents gave birth to a child when they were age 7 (7= 0,...,t-1)
and b, = 0 otherwise. Note a simplified version of @, would be the couples’ stock of
children:

t-1
a,=n, = T:()br'

or could entail age-dependent service flow from “quality-adjusted” index of chil-
dren, such as:

t-1
a, = z o b, .



1.2 Maternal Time Constraints

Period-by-period constraints on the mother’s time:

3) lo+h+t,=1

where 4, is mother’s labor supply and ¢, is time spent rearing children.
1.3 The Household’s Budget Constraint

Existing life cycle models of fertility either assume capital markets either perfect
(PCM) —i.e., parents are able to borrow and lend across time periods at a real in-
terest rate, r—or perfectly-imperfect (PICM), in which case no borrowing or sav-
ing is possible.

PCM: Parents’ age ¢ budget constraint can be expressed as:
(4) St+ct+p;tet=Yht+Wtht+St’

where S, (= 4, - 4,) 1s savings, Yj, denotes husband’s income at age ¢, w, is the
wife’s market wage rate, and e, and p,, are vectors of contraceptive methods and
their associated prices.

PICM:
(5) St+ct+p:?t Z=Y;1t+wtht

Parents may face uncertainty about future income and prices. See model of Hotz
and Miller (1986, 1993), where future realizations of husband’s income, Y, and
the wife’s wage rate, w,, are treated as stochastic.



1.4 Production of Child Services or “Maintenance” of Children

Production of child services or maintenance of children involves parental time and
market goods. Let ¢, denote parental “costs” of maintaining existing stock of chil-
dren:

(6) c, =c(b,,b,,...,b.,),
and parental (mother’s) time:
(7) t,=t(b,,b,....b_,),

Hotz and Miller (1989, 1993) use following specifications

(8) =y, 67,
9) ¢ = z//z:f b_ =wn,.
where

t,=y5"", y>0,0<5<1
¢, =y, y>0 ’

Note that this implies that the ratio of inputs,
Cr /tcr = u//}/é‘r_l ’

increases in a child’s age.



1.5 Production of Children and Control of Fertility
“Reproduction” function given by:
(10) b =R(e,,®,)

where e, denotes a K-dimensional vector of whose typical element, ¢, denotes
whether or not the & contraceptive method is used, k£ = 1,...,K, and ¢, denotes the
stochastic component governing the likelihood that a birth is produced with an un-
protected sexual act.

Parents’ birth probability function i1s given by:

(11) Py (€105 )=Pr(b, =]t 4,07) = E,(R(e,.8))

where E4-) denotes the expectations operator over the random variable ¢, and
and 0'; are the mean and variance, respectively, of @,.

The couple’s 1 can be interpreted as a couple’s fecundity, where dp(e., L4, 0'; )ou =
0.

In addition to the pill, condoms, etc., three contraceptive methods are of particular
analytic interest: (i) the use of no protection (which we indicate by ey,); (ii) perma-
nent sterilization, which precludes any (further) births; and (ii1) an induced abor-
tion (which we indicate by ex,) which, for our purposes, can be thought of as an ex
post contraceptive method.

1.6 Maternal Investments in Human Capital

Treatment of the mother’s wages: either exogenous or human capital production
process, where wages are function of human capital and human capital is produced
as function of past time investments.

Learning-by-Doing Specification:

(12) w,=HWw,_,h)-0w_ —o,w,_1[h =0]

where H(-,-) is the human capital production function, ¢; and o, are rates of depre-
ciation (0< §;<1,i=1,2), and 1[-] is the indicator function.



1.7 The Structure of the Solution to the Parents’ Intertemporal Optimization
Problem

Parents sequentially making choices over: (i) childbearing, or contraceptive meth-
ods, (i1) parental consumption and (iii) the allocation of the mother’s time across
labor market and childrearing activities so as to maximize (1) subject to the con-
straints implied by the relationships in (2), (3), (6), (7), and (10) [if reproduction is
stochastic], (4) or (5) and, possibly (12).

The parents’ optimization problem can be solved using techniques in the dynamic
programming literature. See notes by Stern on structure of these models.



3. General Dynamic Structural Models

3.1. General Economic Structures

The primitives of a dynamic model are choices d;, observed state variables X;, un-
observed state variables ¢, taste shifters Z;, a discount factor 3, a utility function
U (e), laws of motion, and an information set €. Let U (Xy, dy, &¢; Z;) be the util-
ity function. The agent chooses d' = {d;, ds.1, ..., dr} at time ¢ given information
set (); to maximize

T
‘/;f (Xtvdtvgt; Zt) =F Zﬁs_tU (Xsa dsvgs; ZS) ’ Qt

s=t
such that
Xep1 = g (Xén dsi1, es+1) ;

Zsy1r = h (Zs, 6s—&-1> ;
k (Zs; Xs; Esy es—i-l) ;

€s+1

and possibly a terminal condition Xr = c.

3.2. Examples
3.2.1. Berkovec and Stern

X; = {type of job, tenure}

d; = job choice

g, = €’s and p’s in the model

Zy = demographic characteristics

e; are implicit in how ¢’s and p’s in the model change over time

U (e) is the flow each period

g (e) is deterministic (es has no effect) and depends upon where you were X and
your choice dj

h (e) is deterministic

k (o) is independent (g5 has no effect), exogenous (X, has no effect), and time-
invariant (Zs has no effect).



3.2.2. Dynamic Structural Fertility Models

(See, for example Wolpin or Hotz and Miller)

X; = {ages and number of children}

d; = birth control choice

€; = unobserved disutility of each birth control choice

Zy = demographic characteristics

e; are implicit in realizations of when children are born

U (o) is the flow each period associated with number and ages of children and
choice of birth control method

g (e) is random (birth control methods are not sure things) and depends upon
where you were X, and your choice d;

h (e) is deterministic

k (o) is independent (e, has no effect) (is this reasonable?), exogenous (X has no
effect), and time-invariant (Zs has no effect).

3.2.3. Search Model

X, = {present offer, (possibly) search duration}

d; = accept or reject

£; = unobserved component of offer

Z; = demographic characteristics

e; are implicit in realizations of new wage offers

U (e) is the negative of the cost of search plus the wage if it is accepted
g () is deterministic

h (e) is deterministic

k (o) is independent (e, has no effect) and exogenous (X has no effect).

3.2.4. Wolpin

X: = {SK (specific capital), GK (general capital), two wages}

d; = accept or reject offer, stay at job or quit

e, = u (period specific shock)

Z; = demographic characteristics

e; are implicit in realizations of new wage offers and layoff events

U (e) is the value of leisure plus unemployment benefits if not working or the wage
if it is accepted

g () is random because there are random layoffs and recalls



h (e) is deterministic
k (o) is independent (e, has no effect) and exogenous (X has no effect).
3.3. Value Function

The value function can be written as

s=t

T
‘/:‘,(thtﬂgt;Zt) = E ZBS*ISU (X87d37‘€8;ZS) ’ Qt‘|

T
- U<Xt7dt7€t;Zt) +E Ig%%( Z BS*tU (X87d3783;Zs) ’ Qt

s=t+1

= U (Xtudtugt; Zt) + BFE [max Vit (Xt+17 dis1, €415 Zt+1) | Qt] .

di41

This is Bellman’s equation.

3.4. Solution Techniques

There are three computational issues involved with solving stochastic dynamic
programming models: a) evaluating E;V, 1, b) solving the value function for all
possible paths, and c) solving the value functions for each sample person.

There are three approaches in the literature to the first problem. First, one
can make a fortuitous assumption about the distribution of € (as in Berkovec and
Stern) so that E;V;.; has a nice functional form. This either means having a very
small number of choices (< 3) or using the Extreme Value distribution. Second,
one can try to evaluate £;V;;; numerically. Keane and Wolpin (1994), Holt (1997),
and Brien, Lillard and Stern (1997) are three examples of this approach. Third,
one can approximate F [maxdt " V}H] with maxg,,, FV;1;. This is done in Stock
and Wise (1990) and work by Manski and coauthors. Stern (1997) shows why
this approach has poor properties.

There are two issues involved with the second problem. The first is dealing
with the time dimension of the problem, and the second is dealing with the state
space for each time period. For the first issue, there are two approaches. Rust (?)
shows how to use a fixed point algorithm to solve infinite horizon problems. This
is generally infeasible and unnecessary because, in fact, life is finite. The second
approach is that described in the Berkovec and Stern notes: solve backwards
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recursively.?

The second issue occurs because the value function needs to be evaluated for
each possible combination of state variables. Consider the fertility models. A
minimal set of state variables would be duration of marriage and number and
age of each child. Assuming marriage duration can take on, let’s say, 20 values
and we allow for a maximum of, let’s say, 6 children up to 18 years of age, there
are approximately® 20 o 18% = 680, 244,480 combinations of state variables for
each time period. If you add to that any continuous state variable such as an
autoregressive unobserved component to choice specific utilities, then, in theory,
it goes to 0o. One might reduce the number of state variable combinations by a)
assuming marriage duration effects are constant after some duration, let’s say 4
years; b) number of children effects are constant after, let’s say, 3 children; and
c) child age effects are constant after age 6. Then the number of combinations
reduces to approximately 4 @ 63 = 864. One could allow for a continuous state
variable by discretizing it.

A second approach, used in Keane and Wolpin (1994), Smith (7), Stinebrickner
(1997), and Holt (1997) is to evaluate the value function at only a subset of state
variable combinations and approximate it at other points. This approach has
promise but needs to be evaluated more formally.

A third approach, suggested by Hotz, Miller, Sanders, Smith (7), uses a non-
linear transformation of the model and simulation to solve the problem. While
clever and useful, it is limited to cases where there is no unobserved heterogeneity.

The last problem is that the value function needs to be evaluated for each
person in the sample for each guess of the model parameters. Some researchers
bite the bullet and do this. Others make very strong homegeneity assumptions so
the value functions need be computed only once (or a very small number of times)
for each guess of the parameters. Brien, Lillard and Stern (1997) use a weighting
scheme to gain the benefits of the homogeneity assumptions without losing the
benefits of allowing for heterogeneity across people.

3.5. Estimation

There are generically two steps involved in estimation. First, one may estimate
exogenous processes g and h separately. Then one estimates the parameters asso-

2The finite horizon backwards recursion approach is a special case of Rust’s fixed point
approach.
31t is actually less if you assume no multiple births.
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ciated with the choice process. Berkovec and Stern estimate death probabilities
first, and the fertility models estimate fertility probabilities conditional on birth
control method first. This two-step procedure is inefficient but usually very worth-
while in terms of computational cost.

All models estimate either Pr([d; | ] , Pr[d' | O], or E[d; | Q). Berkovec
and Stern estimate F [d; | €], the fertility models estimate Pr [d' | €], and search
models estimate Pr[d! | ;] and ¢ simultaneously.

The two methods of estimation are MLE or (MSLE) and MOM (or MSM). In
the generic problem, consider using MLE with Pr[d' | 4] to estimate the model.
Then the MLE of 6 is

N
0 = arg méaX;log Prd;, X; | Zi, Q4,]

where d; is the vector of observed choices made by observation i, X; is vector of
state variables, Z; is the vector of (exogenous) taste shifters, and €, is any initial
conditions. The MOM estimator 6 of is

[ (8) 5 () e[ ((2) )

where E (()d() | Ql) is the expected value of each element of ()dg) conditional on

7

the information available at the time (;l() is determined.
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1.8 Comparative Dynamic Predictions from Models

Hard to come by. See Notes by Hotz and Sanders (2000), for some discussion of
this, as well as Rosenzweig and Schultz (1985).

Predictions of interest are how wages, income and past fertility, contraceptive
methods and contraceptive failures, affect

e optimal timing of first and subsequent births
See references in Hotz, Klerman and Willis (1997).

e women’s labor supply and human capital investment decisions
See references in Hotz, Klerman and Willis (1997).

e relationship between fertility and labor supply and other decisions

Later topic is focus of paper by Rosenzweig and Wolpin (JPE, 1980), Angrist
and Evans (1998) and Rosenzweig and Wolpin (2001) for a critique of latter
paper’s strategy.

See also papers in teenage childbearing literature, including Hotz, Sanders and
McElroy (1997, forthcoming), Hotz, Mullin and Sanders (1997), and Mullin
(2002). Also see notes by Hotz and Sanders (2000).
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