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Issues in Life Cycle Modeling of Fertility Behavior 

1. Features of Life Cycle Models of Fertility and The Optimal Solution 

Models include components from:  

(i) models of optimal life cycle consumption,  
(ii) models of life cycle labor supply decisions,  
(iii) models of human capital investment and accumulation,  
(iv) stochastic models of human reproduction. 

1.1 Parental Preferences 

Lifetime parental preferences considered in the literature takes the following form: 

(1) ( )0
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where  

t is mother’s non-market, non-child care (leisure) time at age t,  
st is parental consumption,  
β is the couple’s rate of time preference (0 ≤ β ≤ 1),  

at, the flow of child services parents receive at age t from their stock of children, is 
governed by 

(2) 0 1 1( , , , )t ta g b b b −= … , 

where bτ = 1 if the parents gave birth to a child when they were age τ (τ = 0,...,t-1) 
and bτ = 0 otherwise. Note a simplified version of at would be the couples’ stock of 
children: 
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or could entail age-dependent service flow from “quality-adjusted” index of chil-
dren, such as: 
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1.2 Maternal Time Constraints 

Period-by-period constraints on the mother’s time: 

(3) 1t t cth t+ + =  

where ht is mother’s labor supply and tct is time spent rearing children. 

1.3 The Household’s Budget Constraint  

Existing life cycle models of fertility either assume capital markets either perfect 
(PCM) —i.e., parents are able to borrow and lend across time periods at a real in-
terest rate, rt—or perfectly-imperfect (PICM), in which case no borrowing or sav-
ing is possible.  

PCM: Parents’ age t budget constraint can be expressed as: 

(4) t t et t ht t t ts c Y w h S′+ + = + +p e , 

where St (≡ At - At-1) is savings, Yht denotes husband’s income at age t, wt is the 
wife’s market wage rate, and et and pet are vectors of contraceptive methods and 
their associated prices. 

PICM:  

(5) t t et t ht t ts c Y w h′+ + = +p e  

Parents may face uncertainty about future income and prices. See model of Hotz 
and Miller (1986, 1993), where future realizations of husband’s income, Yht, and 
the wife’s wage rate, wt, are treated as stochastic. 
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1.4 Production of Child Services or “Maintenance” of Children 

Production of child services or maintenance of children involves parental time and 
market goods. Let ct denote parental “costs” of maintaining existing stock of chil-
dren: 

 (6) 0 1 1( , , , )t tc c b b b −= … , 

and parental (mother’s) time: 

(7) 0 1 1( , , , )ct tt t b b b −= … , 

Hotz and Miller (1989, 1993) use following specifications 
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Note that this implies that the ratio of inputs,  

 1r
r crc t ψ γδ −= , 

increases in a child’s age.  
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1.5 Production of Children and Control of Fertility 

“Reproduction” function given by: 

(10) (e , )t t tb R φ=  

where et denotes a K-dimensional vector of whose typical element, ek, denotes 
whether or not the kth contraceptive method is used, k = 1,...,K, and φt denotes the 
stochastic component governing the likelihood that a birth is produced with an un-
protected sexual act.  

Parents’ birth probability function is given by: 

(11) ( ) ( ) ( )2 2e , , Pr 1 ,e , , (e , )bt t t t t tp b t E Rφ φ φµ σ µ σ φ≡ = =  

where Eφ(⋅) denotes the expectations operator over the random variable φt, and µ 
and 2

φσ  are the mean and variance, respectively, of φt.  

The couple’s µ can be interpreted as a couple’s fecundity, where ∂pbt(et,µ, 2
φσ )/∂µ ≥ 

0.  

In addition to the pill, condoms, etc., three contraceptive methods are of particular 
analytic interest: (i) the use of no protection (which we indicate by e1t); (ii) perma-
nent sterilization, which precludes any (further) births; and (iii) an induced abor-
tion (which we indicate by eKt) which, for our purposes, can be thought of as an ex 
post contraceptive method.  

1.6 Maternal Investments in Human Capital 

Treatment of the mother’s wages: either exogenous or human capital production 
process, where wages are function of human capital and human capital is produced 
as function of past time investments. 

Learning-by-Doing Specification: 

(12) 1 1 1 2 1( , ) 1[ 0]t t t t t tw H w h w w hδ δ− − −= − − =  

where H(⋅,⋅) is the human capital production function, δ1 and δ2 are rates of depre-
ciation (0 ≤ δi ≤ 1, i = 1,2), and 1[⋅] is the indicator function.  
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1.7 The Structure of the Solution to the Parents’ Intertemporal Optimization 
Problem 

Parents sequentially making choices over: (i) childbearing, or contraceptive meth-
ods, (ii) parental consumption and (iii) the allocation of the mother’s time across 
labor market and childrearing activities so as to maximize (1) subject to the con-
straints implied by the relationships in (2), (3), (6), (7), and (10) [if reproduction is 
stochastic], (4) or (5) and, possibly (12).  

The parents’ optimization problem can be solved using techniques in the dynamic 
programming literature. See notes by Stern on structure of these models. 



61 Jhqhudo G|qdplf Vwuxfwxudo Prghov

6141 Jhqhudo Hfrqrplf Vwuxfwxuhv
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6151 H{dpsohv

615141 Ehunryhf dqg Vwhuq

f| ' iw|sh ri mre/ whqxuhj
_| ' mre fkrlfh
0| ' 0*v dqg >*v lq wkh prgho
~| ' ghprjudsklf fkdudfwhulvwlfv
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615151 G|qdplf Vwuxfwxudo Ihuwlolw| Prghov

+Vhh/ iru h{dpsoh Zroslq ru Krw} dqg Ploohu,
f| ' idjhv dqg qxpehu ri fkloguhqj
_| ' eluwk frqwuro fkrlfh
0| ' xqrevhuyhg glvxwlolw| ri hdfk eluwk frqwuro fkrlfh
~| ' ghprjudsklf fkdudfwhulvwlfv
e| duh lpsolflw lq uhdol}dwlrqv ri zkhq fkloguhq duh eruq
L Eîä lv wkh  rz hdfk shulrg dvvrfldwhg zlwk qxpehu dqg djhv ri fkloguhq dqg
fkrlfh ri eluwk frqwuro phwkrg
} Eîä lv udqgrp +eluwk frqwuro phwkrgv duh qrw vxuh wklqjv, dqg ghshqgv xsrq
zkhuh |rx zhuh fr dqg |rxu fkrlfh _r
û Eîä lv ghwhuplqlvwlf
& Eîä lv lqghshqghqw +0r kdv qr h>hfw, +lv wklv uhdvrqdeohB,/ h{rjhqrxv +fr kdv qr
h>hfw,/ dqg wlph0lqyduldqw +~r kdv qr h>hfw,1

615161 Vhdufk Prgho

f| ' isuhvhqw r>hu/ +srvvleo|, vhdufk gxudwlrqj
_| ' dffhsw ru uhmhfw
0| ' xqrevhuyhg frpsrqhqw ri r>hu
~| ' ghprjudsklf fkdudfwhulvwlfv
e| duh lpsolflw lq uhdol}dwlrqv ri qhz zdjh r>huv
L Eîä lv wkh qhjdwlyh ri wkh frvw ri vhdufk soxv wkh zdjh li lw lv dffhswhg
} Eîä lv ghwhuplqlvwlf
û Eîä lv ghwhuplqlvwlf
& Eîä lv lqghshqghqw +0r kdv qr h>hfw, dqg h{rjhqrxv +fr kdv qr h>hfw,1

615171 Zroslq

f| ' iVN +vshfl?f fdslwdo,/ JN +jhqhudo fdslwdo,/ wzr zdjhvj
_| ' dffhsw ru uhmhfw r>hu/ vwd| dw mre ru txlw
0| ' ü +shulrg vshfl?f vkrfn,
~| ' ghprjudsklf fkdudfwhulvwlfv
e| duh lpsolflw lq uhdol}dwlrqv ri qhz zdjh r>huv dqg od|r> hyhqwv
L Eîä lv wkh ydoxh ri ohlvxuh soxv xqhpsor|phqw ehqh?wv li qrw zrunlqj ru wkh zdjh
li lw lv dffhswhg
} Eîä lv udqgrp ehfdxvh wkhuh duh udqgrp od|r>v dqg uhfdoov
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& Eîä lv lqghshqghqw +0r kdv qr h>hfw, dqg h{rjhqrxv +fr kdv qr h>hfw,1
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6171 Vroxwlrq Whfkqltxhv
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srvvleoh sdwkv/ dqg f, vroylqj wkh ydoxh ixqfwlrqv iru hdfk vdpsoh shuvrq1

Wkhuh duh wkuhh dssurdfkhv lq wkh olwhudwxuh wr wkh ?uvw sureohp1 Iluvw/ rqh
fdq pdnh d iruwxlwrxv dvvxpswlrq derxw wkh glvwulexwlrq ri 0 +dv lq Ehunryhf dqg
Vwhuq, vr wkdw .|T|n� kdv d qlfh ixqfwlrqdo irup1 Wklv hlwkhu phdqv kdylqj d yhu|
vpdoo qxpehu ri fkrlfhv +é ô, ru xvlqj wkh H{wuhph Ydoxh glvwulexwlrq1 Vhfrqg/
rqh fdq wu| wr hydoxdwh.|T|n� qxphulfdoo|1 Nhdqh dqgZroslq +4<<7,/ Krow +4<<:,/
dqg Eulhq/ Oloodug dqg Vwhuq +4<<:, duh wkuhh h{dpsohv ri wklv dssurdfk1 Wklug/
rqh fdq dssur{lpdwh .
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dqg Zlvh +4<<3, dqg zrun e| Pdqvnl dqg frdxwkruv1 Vwhuq +4<<:, vkrzv zk|
wklv dssurdfk kdv srru surshuwlhv1

Wkhuh duh wzr lvvxhv lqyroyhg zlwk wkh vhfrqg sureohp1 Wkh ?uvw lv ghdolqj
zlwk wkh wlph glphqvlrq ri wkh sureohp/ dqg wkh vhfrqg lv ghdolqj zlwk wkh vwdwh
vsdfh iru hdfk wlph shulrg1 Iru wkh ?uvw lvvxh/ wkhuh duh wzr dssurdfkhv1 Uxvw +B,
vkrzv krz wr xvh d ?{hg srlqw dojrulwkp wr vroyh lq?qlwh krul}rq sureohpv1 Wklv
lv jhqhudoo| lqihdvleoh dqg xqqhfhvvdu| ehfdxvh/ lq idfw/ olih lv ?qlwh1 Wkh vhfrqg
dssurdfk lv wkdw ghvfulehg lq wkh Ehunryhf dqg Vwhuq qrwhv= vroyh edfnzdugv
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uhfxuvlyho|15

Wkh vhfrqg lvvxh rffxuv ehfdxvh wkh ydoxh ixqfwlrq qhhgv wr eh hydoxdwhg iru
hdfk srvvleoh frpelqdwlrq ri vwdwh yduldeohv1 Frqvlghu wkh ihuwlolw| prghov1 D
plqlpdo vhw ri vwdwh yduldeohv zrxog eh gxudwlrq ri pduuldjh dqg qxpehu dqg
djh ri hdfk fklog1 Dvvxplqj pduuldjh gxudwlrq fdq wdnh rq/ ohw*v vd|/ 2f ydoxhv
dqg zh doorz iru d pd{lpxp ri/ ohw*v vd|/ S fkloguhq xs wr �H |hduv ri djh/ wkhuh
duh dssur{lpdwho|6 2f î �HS ' SHfc 2eec eHf frpelqdwlrqv ri vwdwh yduldeohv iru
hdfk wlph shulrg1 Li |rx dgg wr wkdw dq| frqwlqxrxv vwdwh yduldeoh vxfk dv dq
dxwruhjuhvvlyh xqrevhuyhg frpsrqhqw wr fkrlfh vshfl?f xwlolwlhv/ wkhq/ lq wkhru|/
lw jrhv wr 41 Rqh pljkw uhgxfh wkh qxpehu ri vwdwh yduldeoh frpelqdwlrqv e| d,
dvvxplqj pduuldjh gxudwlrq h>hfwv duh frqvwdqw diwhu vrph gxudwlrq/ ohw*v vd| e
|hduv> e, qxpehu ri fkloguhq h>hfwv duh frqvwdqw diwhu/ ohw*v vd|/ ô fkloguhq> dqg
f, fklog djh h>hfwv duh frqvwdqw diwhu djh S1 Wkhq wkh qxpehu ri frpelqdwlrqv
uhgxfhv wr dssur{lpdwho| e î Sô ' HSe1 Rqh frxog doorz iru d frqwlqxrxv vwdwh
yduldeoh e| glvfuhwl}lqj lw1

D vhfrqg dssurdfk/ xvhg lq Nhdqh dqgZroslq +4<<7,/ Vplwk +B,/ Vwlqheulfnqhu
+4<<:,/ dqg Krow +4<<:, lv wr hydoxdwh wkh ydoxh ixqfwlrq dw rqo| d vxevhw ri vwdwh
yduldeoh frpelqdwlrqv dqg dssur{lpdwh lw dw rwkhu srlqwv1 Wklv dssurdfk kdv
surplvh exw qhhgv wr eh hydoxdwhg pruh irupdoo|1

D wklug dssurdfk/ vxjjhvwhg e| Krw}/ Ploohu/ Vdqghuv/ Vplwk +B,/ xvhv d qrq0
olqhdu wudqvirupdwlrq ri wkh prgho dqg vlpxodwlrq wr vroyh wkh sureohp1 Zkloh
fohyhu dqg xvhixo/ lw lv olplwhg wr fdvhv zkhuh wkhuh lv qr xqrevhuyhg khwhurjhqhlw|1

Wkh odvw sureohp lv wkdw wkh ydoxh ixqfwlrq qhhgv wr eh hydoxdwhg iru hdfk
shuvrq lq wkh vdpsoh iru hdfk jxhvv ri wkh prgho sdudphwhuv1 Vrph uhvhdufkhuv
elwh wkh exoohw dqg gr wklv1 Rwkhuv pdnh yhu| vwurqj krphjhqhlw| dvvxpswlrqv vr
wkh ydoxh ixqfwlrqv qhhg eh frpsxwhg rqo| rqfh +ru d yhu| vpdoo qxpehu ri wlphv,
iru hdfk jxhvv ri wkh sdudphwhuv1 Eulhq/ Oloodug dqg Vwhuq +4<<:, xvh d zhljkwlqj
vfkhph wr jdlq wkh ehqh?wv ri wkh krprjhqhlw| dvvxpswlrqv zlwkrxw orvlqj wkh
ehqh?wv ri doorzlqj iru khwhurjhqhlw| dfurvv shrsoh1

6181 Hvwlpdwlrq

Wkhuh duh jhqhulfdoo| wzr vwhsv lqyroyhg lq hvwlpdwlrq1 Iluvw/ rqh pd| hvwlpdwh
h{rjhqrxv surfhvvhv } dqg û vhsdudwho|1 Wkhq rqh hvwlpdwhv wkh sdudphwhuv dvvr0

5Wkh ?qlwh krul}rq edfnzdugv uhfxuvlrq dssurdfk lv d vshfldo fdvh ri Uxvw*v ?{hg srlqw
dssurdfk1

6Lw lv dfwxdoo| ohvv li |rx dvvxph qr pxowlsoh eluwkv1
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fldwhg zlwk wkh fkrlfh surfhvv1 Ehunryhf dqg Vwhuq hvwlpdwh ghdwk suredelolwlhv
?uvw/ dqg wkh ihuwlolw| prghov hvwlpdwh ihuwlolw| suredelolwlhv frqglwlrqdo rq eluwk
frqwuro phwkrg ?uvw1 Wklv wzr0vwhs surfhgxuh lv lqh!flhqw exw xvxdoo| yhu| zruwk0
zkloh lq whupv ri frpsxwdwlrqdo frvw1

Doo prghov hvwlpdwh hlwkhu èh d_| m l|o / èh d_� m l�o/ ru . d_| m l|o1 Ehunryhf
dqg Vwhuq hvwlpdwh . d_| m l|o/ wkh ihuwlolw| prghov hvwlpdwh èh d_� m l�o/ dqg vhdufk
prghov hvwlpdwh èh d_� m l�o dqg } vlpxowdqhrxvo|1

Wkh wzr phwkrgv ri hvwlpdwlrq duh POH ru +PVOH, dqg PRP +ru PVP,1 Lq
wkh jhqhulf sureohp/ frqvlghu xvlqj POH zlwk èh d_� m l�o wr hvwlpdwh wkh prgho1
Wkhq wkh POH ri w lv
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1.8 Comparative Dynamic Predictions from Models 

Hard to come by. See Notes by Hotz and Sanders (2000), for some discussion of 
this, as well as Rosenzweig and Schultz (1985). 

Predictions of interest are how wages, income and past fertility, contraceptive 
methods and contraceptive failures, affect  

• optimal timing of first and subsequent births 

See references in Hotz, Klerman and Willis (1997). 

• women’s labor supply and human capital investment decisions 

See references in Hotz, Klerman and Willis (1997). 

• relationship between fertility and labor supply and other decisions 

Later topic is focus of paper by Rosenzweig and Wolpin (JPE, 1980), Angrist 
and Evans (1998) and Rosenzweig and Wolpin (2001) for a critique of latter 
paper’s strategy.  

See also papers in teenage childbearing literature, including Hotz, Sanders and 
McElroy (1997, forthcoming), Hotz, Mullin and Sanders (1997), and Mullin 
(2002). Also see notes by Hotz and Sanders (2000). 
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