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1 In tro duction

Observers of ¯nancial markets have long noted that the volatilit y of ¯nancial price

movements variesstochastically. The well-establishedARCH and GARCH modelsof

Engle (1982) and Bollerslev (1986) and the plethora of descendants provide a very

convenient framework for empirical modelling of volatilit y dynamics. A somewhat

di®erent, but essentially equivalent way to model the samephenomenonis to think in

terms of the latent stochastic volatilit y model introducedin embryonic form by Clark

(1973), extendedand formalized in Taylor (1982, 1986), and studied extensively in

the vast literature that follows (SeeGhysels,Harvey, Renault (1996) and Shephard

(2005)). Financial market empiricistsnow know that time varying stochasticvolatilit y

can account for much of the dynamicsof short-term ¯nancial price movements.

The empirical volatilit y literature hasproceededlargely in a reducedform statis-

tical manner, with only minimal guidancefrom economictheory. The role of theory

has mainly been to identify important markets and sometimesto provide informal

intuitiv e interpretation of empirical regularities.

This paper studiesstock market volatilit y within a self-contained generalequilib-

rium framework. The economy is a familiar endowment economy with a preference

structure assumedto be that of Epstein and Zin (1991) and Weil (1989). The paper

is an extensionof Bansal,Khatchatrian, and Yaron (2003),Bansaland Yaron (2004),

Campbell and Hentschel (1992), and Campbell (2003). As in those papers, the log-

linearization methods of Campbell and Shiller (1988) are usedto derive qualitativ e

predictionsand gain further insights into the implications of the modelsunder consid-

eration. In this paper, however, the volatilit y dynamicsare more complicated. The

paper proceedsthrough a sequenceof models, with each extensionmotivated by a

desireto exploremorefully the relationship betweenstock market returns and volatil-

it y. The models,and in particular the most generalmodel consideredin Sections3{4

below, yield someinteresting insights that can account for known characteristics of

stock market volatilit y.

For instance,empirical researchershave long known that stock market returns and

stock market volatilit y are negatively correlated. Black (1976) is perhapsthe ¯rst to

call attention to this empirical regularity and attributes it to changing¯nancial lever-

ageassociated with equity priceschanges,as further studied by Christie (1982). The

asymmetric e®ecthas thus beentermed the leveragee®ect, and Nelson(1991) high-

lights its importanceby formally building the asymmetry into the E-GARCH model.
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Although the term leveragee®ect,or simply leverage,is the commonexpressionin

the econometricsand stochastic volatilit y literatures, few, if any, economistsarecom-

fortable with the original explanation and believe the leveragee®ecthas more to do

with risk premiumsthan balancesheetleverage.

Economicexplanationsfor the leveragee®ectsuch asFrench, Schwert, and Stam-

baugh(1987)employ intuitiv e traditional CAPM-t ype reasoningwith a presumption

that volatilit y carries a positive risk premium. A related approach (Campbell and

Hentschel, 1992)usesthe Merton (1973)model to connectexpectedreturns to volatil-

it y along with a GARCH-type model for the evolution of volatilit y. Bekaert and Wu

(2000) provide a comprehensive review of theseexplanationsand a very convenient

reduced-formsetup for empirical analysisof volatilit y asymmetry relationships. Wu

(2001) develops a self-contained equilibrium model, along with carefully executed

empirical work, but the model relies on a pre-speci¯ed pricing kernel not directly

connectedto marginal utilit y. Also Wu's model permits correlations between cash

°ow innovations and their volatilities that provide a statistical channel for a leverage

e®ectseparatefrom any economicchannels.

The main model developed and analyzed in Section 3{4 indicates that the ex-

istence and sign of the leverage e®ectdepend critically on the values of two key

economicparameters,the coe±cient of risk aversionand the intertemporal elasticity

of substitution. In the caseof expected utilit y, theseparametersare reciprocals of

each other, and the model predictsno leveragee®ectat all in this case.Thus, the now

well-establishedempirical ¯nding of a negative leveragee®ect| which is recon¯rmed

in Figures1 and Figures2 below | strongly discreditsthe expectedutilit y paradigm.

Furthermore, economistsgenerallyagreethat the coe±cient of risk aversionexceeds

unity; if so, the predicted sign of the leveragee®ectdependscritically on the loca-

tion of the intertemporal elasticity of substitution relative to unity. If this elasticity

parameter exceedsunity, then the leveragee®ectis negative | exactly as observed

in the data. On the other hand, if it is below unity, then the sign of the leverage

e®ectis positive, in direct contrast to empirical ¯ndings. The issueof whether the

intertemporal elasticity of substitution is below or above unity is contentious; Bansal

and Yaron (2005)give details on the debate. Sincethe negative relationship hasbeen

so well documented (e.g., Bekaert and Wu, 2000), the ¯ndings from reduced-form

modeling of asymmetric volatilit y thereby have sharp consequencesfor an economic

debate regarding the magnitude of a key utilit y parameter. In addition, the model

can also explain the dynamic leveragee®ect,i.e., the pattern of serial crosscorrela-
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tions betweenstock market movements and volatilit y at di®erent leadsand lags as

documented empirically in Litvino va (2004) and Bollerslev, Litvino va, and Tauchen

(2004).

The model can alsoaccount for the empirical ¯nding that stock market volatilit y

appearsto follow a two factor structure, with oneslowly evolving component and one

quickly meanreverting component. Engleand Lee(1999),Gallant, Hsu, and Tauchen

(1999), and Alizadeh, Brandt, and Diebold (2002), amongmany others, adduceevi-

denceon this empirical regularity. The two factor structure emergesnaturally from

the internal structure of the model.

Finally, the model appears useful for sorting out issuesrelated to time varying

risk prices and a volatilit y risk premium. A commonpresumption is that increased

stock market volatilit y is associated with increasedexpected stock market returns.

This reasoningis intuitiv ely plausible | riskier investments should demanda higher

expectedreturn relative to cash| and a rigorousanalysisis Merton (1973). Various

expositionsof the Merton model appear in the literature, and a convenient summary

with easyto interpret log-linear approximations is in Campbell, Lo, and Mackinlay

(1997, pp. 291|334). An early e®ort to model and detect empirically the return-

volatilit y relationship is Engle et al (1987), who proposethe GARCH-M model for

bond returns. The follow-up literature from Nelson (1991) onwards is huge, but,

as is well known, the e®ort to detect an empirical relationship between expected

stock returns and volatilit y hasyielded weak and mixed results. Recent e®orts,such

as Ghysels, Santa-Clara, and Valkanov (2005) and Lundblad (2004) employ more

powerful techniques to present evidencefor a statistically signi¯cant positive risk-

return relationship, which has beenhere-to-for quite di±cult to detect. However, as

will be seenin Section4, such e®ortsare detecting the confoundingof time-varying

risk premiumson consumptionand volatilit y risk, which cloudsthe interpretation of

the empirical evidence.Scruggs(1998),Guo and Whitelaw (2003),and Guo, Savickas,

Wang, and Yang (2005) present evidencethat additional factors are neededin the

return-volatilit y equation in order to measurevolatilit y risk reliably, and the main

model below suggeststhe underlying variable for which thesefactorsarelikely proxies.

The rest of this paper is organizedas follows: Section2 presents the notatation

and two initial models that are useful for understanding the basic structure and

ideas. Section 3 sets forth the main model, and Section 4 connectsthe predictions

from that model to the empirical stochastic volatilit y literature. Section5 contains

the concludingremarks.
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2 Setup, Notation, and Tw o Initial Mo dels

2.1 The MRS and Asset Pricing

Let M t+1 denote the marginal rate of substitution process(MRS), also sometimes

termed the stochastic discount factor (SDF), betweent and t + 1, and let Rt+1 denote

the grossreturn on an asset.The fundamental assetpricing relationship is

Et (M t+1 Rt+1 ) = 1: (1)

Throughout, we shall work under a conditional lognormality assumption. Let mt+1 =

log(M t+1 ), and let r t+1 = log(Rt+1 ) denote the geometricreturn on the asset. The

fundamental assetpricing relationship is then

log
£
Et

¡
em t +1 + r t +1

¢¤
= 0: (2)

We start by working through in this section two models that illustrate the main

points about time varying a risk premium on consumption versusa volatilit y risk

premium. We then proceedto the main model in Section3 below.

2.2 CRR Preferences and Sto chastic Volatilit y

Underconstant relativerisk aversion(CRR) preferencesM t+1 = ¯ (Ct+1 =Ct )¡ ° , where

Ct is real consumptionand ¯ and ° are parameters.Equivalently,

mt+1 = ±¡ ° gt+1 ; (3)

where± = log¯ and

gt+1 = ct+1 ¡ ct ; ct = log(Ct );

so gt+1 is the geometricgrowth rate of consumption. Assumethe dynamics of gt+1

are
gt+1 = ¹ g + ¾ctzc;t+1

¾2
c;t+1 = a¾c + ½¾c¾2

ct + Á¾c¾ctz¾;t+1

(4)

where ¾ct represents stochastic volatilit y in consumption that is observed by agents

but not by the econometrician,and zc;t+1 and z¾;t+1 are iid N(0; 1) random variables.

The above volatilit y dynamicsare not quite the sameas those of Bansal and Yaron

(2004)and Bansal,Khatchatrian, and Yaron (2003),who have a constant multiplying

z¾;t+1 , as do and Brenner, Ou, and Zhou (2004) in their continuous time version of

a setup like (4). Theseother papers use Gaussianvolatilit y dynamics while (4) is
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a square-root, or CIR, type speci¯cation. There are certain consequencesto the

alternative speci¯cations asdiscussedfarther below. In simulations, of course,careis

neededto include an additional re°ecting barrier at a small positive number to ensure

positivit y of simulated ¾2
c;t+1 . The above dynamics for volatilit y are similar to those

of Bollerslevand Zhou (2003)for their continuoustime assessment of the relationship

betweenthe expectedstock return volatilit y relationship.

Let vt = log(Pt=Ct ) denote log of the price-dividend ratio of the assetthat pays

the consumptionendowment f Ct+ j g1
j =1 . Let

r t+1 = log
µ

Pt+1 + Ct+1

Pt

¶
(5)

denotethe geometricreturn (hereafterjust calledthe return). The standardCampbell-

Shiller (1988) log-linearization is

r t+1 = k0 + k1vt+1 ¡ vt + gt+1 (6)

where k1 < 1; k1 ¼ 1, is a positive constant. The strategy to solve models of this

sort is to conjecture a solution for vt as a function of the state variables, use the

approximation immediately above, imposethe fundamental assetpricing equation,

and then solve for the coe±cients of the conjecturedsolution.

In this casewe conjecture

vt = A0 + A¾¾2
ct (7)

and the solutions for A0; A¾ are given in Subsection6.1 of the Appendix. From the

solution onecan easilyderive the familiar relationship for the expectedexcessreturn

Et (r t+1 ) ¡ r f t = ° ¾2
ct ¡

1
2

¾2
r t (8)

wherer f t is the risklessrate in geometricform and 1
2¾2

r t = 1
2Vart (r t+1 ) is a geometric

adjustment term, also called a Jensen's Inequality adjustment (Campbell, Lo, and

Mackinlay, 1997,p. 307). The risk premium is thus ° ¾2
ct , and, ignoring the geometric

adjustment, onecan write

r t+1 ¡ r f t = ®+ ° ¾2
ct + ² t+1 (9)

where ® is an intercept and ² t+1 is a heteroskedastic error term. This expression

is the elusive risk-return relationship that has been sought after by Nelson (1991),

Lundblad (2004), and Ghyselsel al (2004), amongothers.
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One has to be very careful on how to interpret the risk premium in (9), however.

It is actually a time-varying risk premium on consumptionrisk, with a variable coe±-

cient that is attributable to the stochastic volatilit y; this interpretation is emphasized

by Bansaland Yaron (2004)and lessdirectly in (Campbell, Lo, and Mackinlay, 1997,

p. 307). The fact that stochastic volatilit y generatestime-varying risk premium on

other factors (here consumptionrisk) appears¯rst to have madeformal in an econo-

metric senseby Engle et al (1987), who usea GARCH-in-mean model to study the

risk premium in bond returns.

It provesinteresting to examinewhy (9) doesnot re°ect a volatilit y risk premium.

In this model, any return that dependsonly on the volatilit y innovation z¾;t+1 carries

no risk premium, despite the fact that the volatilit y innovation z¾;t+1 has an impact

on the return; onecan easily show that

r t+1 ¡ Et (r t+1 ) = ¾ctzc;t+1 + k1A¾Á¾c¾ctz¾;t+1 (10)

sothe volatilit y innovation z¾;t+1 a®ectsthe return, andpossiblysubstantially . Nonethe-

less,an arithmetic return that is a pure volatilit y bet such as

R¾;t+1 = exp
µ

r f t ¡
1
2

&2
t + &tz¾;t+1

¶
; (11)

where&t is a constant known at time t, satis¯es

Et (R¾;t+1 ) = Rf t ; (12)

whereRf t = er f t ; i.e., R¾;t+1 carriesno risk premium. Also, if C(¾2
c;t+1 ) is a cash°ow

realizedat t + 1 that only dependsupon ¾2
c;t+1 , then the price (present value) of that

cash°ow satis¯es

Et
£
M t+1 C(¾2

c;t+1 )
¤

=
E

£
C(¾2

c;t+1 )
¤

Rf t
: (13)

There is no reward for bearing volatilit y risk becausethat risk is uncorrelatedwith

the MRS processdue to the assumption that zc;t+1 and z¾;t+1 are uncorrelated. Of

courseonecould always generatea volatilit y risk premium by simply correlating zc;t+1

and z¾;t+1 , but that seemsad hoc and economicallyunsatisfactory.

2.3 Epstein-Zin-W eil Preferences and Sto chastic Volatilit y

Bansal and Yaron (2004) and Bansal, Khatchatrian, and Yaron (2003) note that

Epstein-Zin-Weil preferencescan actually induce an endogenousvolatilit y risk pre-

mium. We start with a simpli¯ed version of their setups,point out someproblems,

and then proceedto a more generalversion in the next section.

7



Write the log of the marginal rate of substitution as

mt+1 = bm0 + bmggt+1 + bmr r t+1 (14)

and note that under Epstein-Zin-Weil preferences

bm0 = µlog(±)

bmg = ¡ µ=Ã

bmr = µ ¡ 1

(15)

where

µ =
1 ¡ °
1 ¡ 1

Ã

: (16)

The parameter ° is the risk aversionparameter;Ã is the coe±cient of intertemporal

substitution, and ± the subjective discount factor. If µ = 1 then thesepreferences

reduce to the CRR preferencesstudied above. We retain the samedynamics (4)

for consumption growth and volatilit y. The primary di®erencesbetween this setup

and that of Bansaland Yaron (2004)are that the above entails square-root volatilit y

dynamics instead of the simpler Gaussiandynamics but it excludesthe long run

risk factor in the consumption growth equation. That factor is excluded only for

simpli¯cation to concentrate attention on the role of volatilit y.

The return on the consumption endowment r t+1 that appears in the expression

for the log of the marginal rate of substitution (14) hasto be solved for endogenously.

As before,¯rst conjecturea solution for log price-consumptionratio

vt = A0 + A¾¾2
ct : (17)

Subsection6.2 of the Appendix contains the derivation of A0 and A¾ along with the

reducedform expressionsfor r t+1 and mt+1 .

From these expressionsone can deducethe expressionfor the expected excess

return

Et (r t+1 ) ¡ r f t = ¡ (bmr + bmg )¾2
ct ¡ bmr k2

1A2
¾Á2

¾c¾
2
ct ¡

1
2

¾2
r t (18)

which in the caseof Epstein-Zin-Weil preferencesreducesto

Et (r t+1 ) ¡ r f t = ° ¾2
ct + (1 ¡ µ)k2

1A2
¾Á2

¾c¾
2
ct ¡

1
2

¾2
r t (19)

whereagain ¡ 1
2¾2

r t is the geometricadjustment term. The expectedexcessreturn

° ¾2
ct + (1 ¡ µ)k2

1A2
¾Á2

¾c¾
2
ct (20)
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is composedof two terms. The ¯rst term represents the familiar time varying risk pre-

mium on consumptionrisk, while the secondrepresents the risk premium on volatilit y.

The volatilit y risk premium is generatedendogenouslyvia the structure of the pref-

erences,and, in fact, is absent in the CRR casewhere µ = 1. However, both risk

premiumsare multiples of the samestochastic process,¾2
ct , and would thus be impos-

sible to separatelyidentify empirically. In the expression(20) for the expectedexcess

return, the volatilit y risk premium gets confoundedwith the consumption risk pre-

mium. The confoundingre°ects the speci¯cation of stochastic volatilit y in (4) above.

By way of contrast, in the modelsof Bansaland Yaron (2004)and Bansalet al (2003)

the volatilit y risk premium gets folded into a constant term. Lettau, Ludvigson and

Wachter (2004) also present a model where there is an excessreturn related to con-

sumption volatilit y like that of (20). Their model is a stochastic volatilit y model

where volatilit y is governed by a stochastic Markov regimeswitching variable. Like

(4) above, there is a single variable | the volatilit y state | that governs both the

location and scaleof volatilit y, and the excessexpectedreturn is a confoundingof the

time varying consumptionrisk premium and the volatilit y risk premium.

3 Main Mo del

Considerthe following model whereconsumptiongrowth is

gt+1 = ¹ g + ¾ctzc;t+1 ; (21)

as in (4), and the stochastic volatilit y speci¯cation is generalizedto

¾2
c;t+1 = a¾c + ½¾c¾2

ct + q
1
2
t z¾;t+1

qt+1 = aq + ½qqt + Áqq
1
2
t zq;t+1 :

(22)

Now we allow for stochastic volatilit y of the volatilit y processvia the qt process.This

characteristic of volatilit y is known to be empirically important; seeChernov et al

(2003) and the referencestherein.

The log of the marginal rate of substitution remains

mt+1 = bm0 + bmggt+1 + bmr r t+1 ; (23)

where expressionsfor the coe±cients are given in (15) for Epstein-Zin-Weil prefer-

ences.
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Let vt denote the log price dividend ratio of an assetpaying the consumption

endowment and r t+1 denotethe return. Conjecturea linear expressionfor vt

vt = A0 + A¾¾2
ct + Aqqt (24)

whereA0; A¾; Aq areconstants whosederivation is in Subsection6.3of the Appendix.

This subsectionof the Appendix also contains the reducedform expressionsfor the

marginal rate of substitution and the return. From theseexpressionsonecan deduce

that the conditional meanexcessreturn is

Et (r t+1 ) ¡ r f t = ¡
£
(bmr + bmg )¾2

ct + bmr k2
1(A2

¾ + A2
qÁ2

q)qt
¤

¡
1
2

¾2
r t (25)

where¡ 1
2¾2

r t = ¡ 1
2Vart (r t+1 ) is the geometricadjustment term. For Epstein-Zin-Weil

preferences,the conditional meanexcessreturn reducesto

Et (r t+1 ) ¡ r f t = ° ¾2
ct + (1 ¡ µ)k2

1(A2
¾ + A2

qÁ2
q)qt ¡

1
2

¾2
r t (26)

The risk premium

° ¾2
ct + (1 ¡ µ)k2

1(A2
¾ + A2

qÁ2
q)qt (27)

is composedof two separateterms, where the ¯rst term re°ects the risk premium

on consumption risk and the secondthe risk premium on volatilit y risk. The latter

is a confoundingof a risk premium on shocks to volatilit y, z¾;t+1 , and shocks to the

volatilit y of volatilit y, zq;t+1 , but nonethelessthis risk premium (or more precisely

the risk price) can be separately identi¯ed from that of consumption risk. Indeed,

Scruggs(1998)and Guo and Whitelaw (2003)present evidencethat additional control

factors are neededin the return-volatilit y equation in order to estimate reliably the

relationship between expected return and volatilit y. In both cases,the additional

factors include at least one interest rate variable, which is arguablea proxy for qt in

the equation immediately above, given that the level of interest rates is associated

with the turbulence of ¯nancial markets. Guo, Savickas, Wang, and Yang (2005)

suggeststhat the value premium needsto be included, which is the likely prediction

of a model like this onebut with a long run risk factor asin Bansaland Yaron (2004),

but has been suppressedfor simplicity. In a somewhatdi®erent vein, Adrian and

Rosenberg (2005) ¯nd empirical evidencethat a two-factor type structure is helpful

for explaining the cross-sectionof expectedassetreturns.

Interestingly, the sign of the volatilit y risk premium dependscritically on the sign

of 1¡ µ, whereµ is de¯ned in (16). Most economistswould probably agreethat ° > 1,
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i.e., the agent is more risk aversethan a log investor. If ° > 1, then the sign of

1 ¡ µ =
° ¡ 1

Ã

1 ¡ 1
Ã

(28)

dependsupon Ã. A su±cient condition for a positive volatilit y risk premium is Ã > 1,

which Bansal and Yaron (2004) argue is the most reasonableregion for Ã. On the

other hand, a number of economists(seeCampbell and Koo, 1997,and the references

therein) argue that Ã < 1. If so, then it would take rather small values of Ã to

generatea positive risk premium on volatilit y since

Ã <
1
°

) 1 ¡ µ > 0 (29)

1
°

< Ã < 1 ) 1 ¡ µ < 0: (30)
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4 Sto ck Price and Volatilit y Dynamics

Much of the stochastic volatilit y literature examinesthe log capital return process

¢ pt = log(Pt ) ¡ log(Pt ¡ 1) (31)

instead of the total return process,r t , which includes the dividend yield. In this

section we shall study the dynamics of the volatilit y of ¢ pt implied by the general

stochastic volatilit y model of Section3; the conclusionsare essentially the samefor

either process,becausethe capital gain return tends to dominate the total return.

The reducedform expressionfor the ¢ pt processis derived in the Subsection6.3

of the Appendix and takesthe form

¢ pt = bp0 + A¾(½¾c ¡ 1)¾2
c;t¡ 1 + Aq(½q ¡ 1)qt ¡ 1 +

¾c;t¡ 1zc;t + A¾q
1
2
t ¡ 1z¾;t + AqÁqq

1
2
t ¡ 1zq;t

(32)

wherebp0 is a constant and the other parametersare de¯ned in Subsection6.3 of the

Appendix. Note that from (85) A¾ is of the form

A¾ =
1
µ

h¾; h¾ > 0; (33)

and from (86) Aq is of the form

Aq =
1
µ

hq; hq > 0; (34)

and so the signsof A¾ and Aq are sameas thoseof µ de¯ned in (16) above.

We consider ¯rst the dynamic relationship between ¢ pt and the consumption

volatilit y process¾2
ct . It follows from the expression(32) and the dynamics(22) that

Cov(¢ pt ; ¾2
¾c;t¡ j ) = A¾(½¾ ¡ 1)E(¾4

c;t¡ 1)½j ¡ 1
¾c ; j = 1; 2; : : : ; 1

Cov(¢ pt ; ¾2
ct) = ½qA¾(½¾c ¡ 1)E(¾4

c;t¡ 1) + A¾E(qt ¡ 1)

Cov(¢ pt ; ¾2
c¾;t+ j ) = A¾(½¾ ¡ 1)E(¾4

c;t¡ 1)½j
¾c; j = 1; 2; : : : ; 1

(35)

The serial crosscovariancesCov(¢ pt ; ¾2
c;t+ j ) for j 6= 0 are proportional to the auto-

covariance function of the ¾2
ct process. The sign will be negative if µ < 0, as would

be the caseif both ° and Ã exceedunity. Thus, in this casea market price decline

would signal increasedfuture expectedconsumptionvolatilit y, a result analogousto

that of Bansal, Khatchatrian, and Yaron (2003) who study the covariance between

the log price dividend ratio, vt , and subsequent consumptionvolatilit y ¾c;t+ j ; j > 0.
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Interestingly, the sign of the contemporaneouscovarianceCov(¾2
ct ; ¢ pt ) is ambiguous

becauseit is the sum of terms of opposite signs.

To tie the theory to the stochastic volatilit y literature, the most interesting series

is the one-stepconditional varianceprocessde¯ned as

¾2
pt ´ Vart (¢ pt+1 ) = ¾2

ct + (A2
¾ + A2

qÁ2
q)qt : (36)

From (36) it is immediately seenthat conditional volatilit y follows a two-factor

structure where it is the superposition of two autoregressive processes. This the-

oretical representation of volatilit y corresponds exactly to the two-factor structure

developed empirically by Engle and Lee (1999), Gallant, Hsu, and Tauchen (1999),

Barndor®-NielsenandShephard(2001,andadditional papersat www.levyprocess.org),

Alizadeh, Brandt, and, Diebold (2002) among others. The typical structure identi-

¯ed empirically contains one factor that is extremely persistent and another that is

strongly meanreverting and nearly serially uncorrelated. In (36), ¾2
ct is a likely can-

didate for the persistent factor while qt is likely the strongly mean reverting factor.

Scruggs(1998) and Guo and Whitelaw (2003) present evidencethat additional fac-

tor(s) are neededin the return-volatilit y equation in order to empirically measure

volatilit y risk reliably. Thesefactorsarevariablesthat tend to be high when¯nancial

volatilit y is high. Their ¯ndings areappearcompletelyconsistent with Equation (36),

which suggeststhat thesefactors should be related to qt , the volatilit y of volatilit y.

The contemporaneousleveragee®ectpertains to the correlation betweenthe con-

ditional volatilit y process¾2
pt and the capital return process¢ pt . An easilycomputed

conditional moment is

Covt ¡ 1(¢ pt ; ¾2
pt) = A¾qt ¡ 1 + Aq(A2

¾ + A2
qÁ2)qt ¡ 1 (37)

Oneseesimmediately from thesecovariancesalongwith with (33), (34), and (16) the

role that the utilit y function parameters° and Ã play in determining the sign of the

leveragee®ect.The covariancesare negative under the parametervaluesutilized by

Bansal and Yaron (2004).

We now consider the dynamic leveragee®ect. Somedirect empirical evidence

is seen in Figure 1, which shows the correlations between ¢ p as proxied by the

logarithmic return on S&P 100Index and leadsand lagsof the VIX volatilit y Index,

daily, 1990{2004.The VIX index is designedto re°ect the implied volatilit y on S&P

100 Index options with one month to expiration. Evidently, a large price increaseis

associated with a contemporaneousdrop in volatilit y which then slowly dies away.
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Figure 2 shows the samecorrelationsexceptcomputedusing monthly averages.The

pattern remainsquite apparent at the monthly frequency. Both ¯gures are consistent

with the evidenceadducedin Litvino va (2004)and Bollerslev,Litvino va, and Tauchen

(2004) using very high frequencydata.

In order to compare the predictions from the model to the observed pattern,

we needto compute analogouscorrelations under the model. Convenient analytical

approximate results involving moments of ¾2
pt and crossmoments with other series

appear to be out of reach. Instead, simulation is used to compute unconditional

correlations of interest. Given a set of parameter values, the model of Section 3

is simulated for 10000periods and population moments implied by the model are

computed via Monte Carlo. Following the recommendationof Campbell and Koo

(1997), the orthogonality conditions of the Euler equation error were checked and

found to be negligible.

The correlationsof interest arecomputedfor two setsof parametervalues,labelled

CasesA and B in Table 1, which are basedon Campbell and Koo (1997)and Bansal,

Gallant, and Tauchen (2004). The only di®erencebetween the two casesis that

the elasticity of substitution Ã = 1:50 in A and Ã = 0:50 in B. The risk aversion

parameter° is the samein both cases.The other valuesof the parameterswould be

reasonablefor a model operating in monthly time. The model could not be expected

to ¯t actual data becauseit lacks the long run risk component in consumptiongrowth

of Bansal and Yaron (2004), which is left out only for simplicity. Figure 3 shows the

autocorrelation function of stock market volatilit y ¾2
pt for the two sets parameter

settings. The persistenceof volatilit y is completely consistent with all empirical

¯ndings, and comparisonacrosscasesindicates that the value of the elasticity of

substitution Ã has little e®ecton volatilit y persistence.

Figure 4 showspredicteddynamic leveragecorrelationsbetween¢ pt and leadsand

lagsof ¾2
pt . In the upper panel,whereÃ = 1:50, the contemporaneousleveragee®ectis

a negative and it fadesaway over time, which is completelyconsistent with Figures1

and 2. In the bottom panel, where Ã = 0:50, the leveragee®ectis positive, which

is completelycounter factual. Interestingly, and somewhatsurprisingly, the observed

negative dynamic leveragee®ectis fairly compelling evidencefor an intertemporal

elasticity of substitution above unity.
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5 Conclusion

The characteristics of the relationships between stock market volatilit y and stock

market returns are examinedwithin the context of a generalequilibrium framework.

The framework only permits connectionsbetween volatilit y and returns that arise

through the internal economicstructure of the model. All innovations are presumed

uncorrelated, thereby ruling out connectionsthat could arisevia separatestatistical

channels. The most general model generatesa two-factor structure for volatilit y

along with time-varying risk premiums on consumption and volatilit y risk. It also

generatesendogenouslya dynamic leveragee®ect,the sign of which depends upon

the magnitudesof the risk aversion (° ) and intertemporal elasticity of substitution

(Ã) parameters. In the caseof expectedutilit y where° = 1=Ã, the leveragee®ectis

absent, which suggesta strong connectionbetweennon-expected utilit y preferences

and the leveragee®ect.The magnitude of Ã relative to unity is an issueof debatein

the ¯nancial economicsliterature. Interestingly, if ° > 1, as is commonly presumed,

then the observed negative leverage e®ectnecessarilyimplies Ã > 1, so the well

documented ¯nding of negative leveragehasbearing on this economicdebate.
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6 App endix: Details of the Deriv ations

6.1 Solution for the Mo del with CRR Preferences in Subsec-
tion 2.2

From the approximation r t+1 = k0 + k1vt+1 ¡ vt + gt+1 and the presumeddynamics

for gt+1 and ¾2
c;t+1 it follows that

r t+1 = k0 + (k1 ¡ 1)A0 + k1A¾a¾c + ¹ c + A¾(k1½¾c ¡ 1)¾2
ct +

k1Á¾cA¾¾ctz¾;t+1 + ¾ctzc;t+1

(38)

and

mt+1 = ±¡ ° ¹ c ¡ ° ¾ctzc;t+1 : (39)

Thus

Et
¡
er t +1 + m t +1

¢
= 1 ) (40)

Et (r t+1 + mt+1 ) +
1
2

Vart (r t+1 + mt+1 ) = 0: (41)

Computing the conditional ¯rst two moments and setting the above to zerogives

k0 + (k1 ¡ 1)A0 + k1A¾a¾c + ±+ (1 ¡ ° )¹ c +
£
A¾(k1½¾c ¡ 1) + 1

2k2
1Á2

¾cA
2
¾ + 1

2(1 ¡ ° )2
¤

¾2
ct = 0:

(42)

This can hold for all valuesof ¾2
ct only if

A0 =
k0 + k1A¾a¾c + ±+ (1 ¡ ° )¹ c

1 ¡ k1
(43)

whereA¾ is a solution to the quadratic

(1 ¡ ° )2 + 2(k1½¾c ¡ 1)A¾ + k2
1Á2

¾cA
2
¾ = 0 (44)

There are two roots

A+ ;¡
¾ =

1 ¡ k1½¾c §
p

(1 ¡ k1½¾c)2 ¡ (1 ¡ ° )2k2
1Á2

¾c

k2
1Á2

¾c
(45)

which are real so long as Á2
¾c is su±ciently small. The root A+

¾ has the unappealing

property that

lim
Á¾c ! 0

A+
¾Á2

¾c 6= 0 (46)

which would meanthe impact of ¾ct would grow without boundasstochasticvolatilit y

becomesunimportant. Thus we take A ¡
¾ asthe economicallymeaningfulroot and set

A¾ =
1 ¡ k1½¾c ¡

p
(1 ¡ k1½¾c)2 ¡ (1 ¡ ° )2k2

1Á2
¾c

k2
1Á2

¾c
(47)
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6.2 Solution for Mo del with EZW Preferences in Subsec-
tion 2.3

From the approximation r t+1 = k0 + k1vt+1 ¡ vt + gt+1 and the presumeddynamics

for gt+1 and ¾2
c;t+1 it follows that

r t+1 = k0 + (k1 ¡ 1)A0 + k1A¾a¾c + ¹ c + A¾(k1½¾c ¡ 1)¾2
ct +

k1Á¾cA¾¾ctz¾;t+1 + ¾ctzc;t+1

(48)

with

mt+1 = bm0 + bmggt+1 + bmr r t+1 : (49)

Then

mt+1 = bm0 + bmg ¹ c+

bmr [k0 + (k1 ¡ 1)A0 + k1A¾a¾c + ¹ c + A¾(k1½¾c ¡ 1)¾2
ct ] +

bmr k1Á¾cA¾¾ctz¾;t+1 + (bmr + bmg )¾ctzc;t+1

(50)

Thus

r t+1 + mt+1 = (1 + bmr ) [k0 + (k1 ¡ 1)A0 + k1A¾a¾c] +

(1 + bmr + bmg )¹ c + bm0 + (1 + bmr ) [A¾(k1½¾c ¡ 1)] ¾2
ct +

(1 + bmr )k1Á¾cA¾¾ctz¾;t+1 + (1 + bmr + bmg )¾ctzc;t+1 ;

(51)

and

Et (r t+1 + mt+1 ) = (1 + bmr ) [k0 + (k1 ¡ 1)A0 + A¾k1a¾c] +

(1 + bmr + bmg )¹ c + bm0 + (1 + bmr ) [A¾(k1½¾c ¡ 1)] ¾2
ct ;

(52)

Vart (r t+1 + mt+1 ) = [(1 + bmr )2k2
1Á2

¾cA
2
¾ + (1 + bmr + bmg )2] ¾2

ct : (53)

Imposing

Et (r t+1 + mt+1 ) +
1
2

Vart (r t+1 + mt+1 ) = 0 (54)

and equating to zero the constant and coe±cient of ¾2
ct givesthe equations

0 = (1 + bmr ) [k0 + (k1 ¡ 1)A0 + k1A¾a¾c] +

(1 + bmr + bmg )¹ c + bm0

(55)

0 = (1 + bmr )(k1½¾c ¡ 1)A¾+
1
2 [(1 + bmr )2k2

1Á2
¾cA

2
¾ + (1 + bmr + bmg )2] :

(56)
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Thus

A0 =
k0 + k1A¾a¾c

(1 ¡ k1)
+

(1 + bmr + bmg )¹ c + bm0

(1 + bmr )(1 ¡ k1)
(57)

whereA¾ is the solution of the quadratic

(1 + bmr + bmg )2 + 2(1+ bmr )(k1½¾c ¡ 1)A¾ + (1 + bmr )2k2
1Á2

¾cA
2
¾ = 0 (58)

There are two roots

A+ ;¡
¾ =

1 ¡ k1½¾c §
p

(1 ¡ k1½¾c)2 ¡ (1 + bmr + bmg )2k2
1Á2

¾c

(1 + bmr )k2
1Á2

¾c
(59)

The root A+
¾ has the unappealing property that

lim
Á2

¾c ! 0
Á2

¾cA
+
¾ 6= 0 (60)

so we take A ¡
¾ as the economicallymeaningful root and set

A¾ =
1 ¡ k1½¾c ¡

p
(1 ¡ k1½¾c)2 ¡ (1 + bmr + bmg )2k2

1Á2
¾c

(1 + bmr )k2
1Á2

¾c
(61)

In the caseof Epstein-Zin-Weil preferencesthe coe±cients are

A0 =
k0 + k1A¾a¾c

(1 ¡ k1)
+

(1 ¡ ° )¹ c + µlog(±)
µ(1 ¡ k1)

(62)

A¾ =
1 ¡ k1½¾c ¡

p
(1 ¡ k1½¾c)2 ¡ (1 ¡ ° )2k2

1Á2
¾c

µk2
1Á2

¾c
(63)

It is useful to record the reducedform expressionfor mt+1 , r t+1 :

mt+1 = b¤
m0 + bmr A¾(k1½¾c ¡ 1)¾2

ct + (bmr + bmg )¾ctzc;t+1 + bmr k1A¾Á¾c¾ctz¾;t+1 (64)

r t+1 = br 0 + A¾(k1½¾c ¡ 1)¾2
ct + ¾ctzc;t+1 + k1A¾Á¾c¾ctz¾;t+1 (65)

whereb¤
m0 and br 0 are readily determinedconstants. In the caseof Epstein-Zin-Weil

preferencesthe reducedform expressionsare

mt+1 = b¤
m0 + (µ ¡ 1)A¾(k1½¾c ¡ 1)¾2

ct ¡

° ¾ctzc;t+1 + (µ ¡ 1)k1A¾Á¾c¾ctz¾;t+1

r t+1 = br 0 + A¾(k1½¾c ¡ 1)¾2
ct + ¾ctzc;t+1 + k1A¾Á¾c¾ctz¾;t+1

(66)
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6.3 Solution for the Mo del with EZW Preferences and Gen-
eral Sto chastic Volatilit y in Section 3

The stepsto ¯nd the solution start with

r t+1 = k0 + (k1 ¡ 1)A0 + A¾(k1¾2
c;t+1 ¡ ¾2

ct) +

Aq(k1qt+1 ¡ qt ) + gt+1 :
(67)

Thus

mt+1 + r t+1 = bm0 + (1 + bmr ) [k0 + (k1 ¡ 1)A0] + (1 + bmg + bmr )gt+1 +

(1 + bmr )[A¾(k1¾2
c;t+1 ¡ ¾2

ct) + Aq(k1qt+1 ¡ qt )];
(68)

and so

Et (mt+1 + r t+1 ) = bm0 + (1 + bmr ) [k0 + (k1 ¡ 1)A0] + (1 + bmg + bmr )¹ g +

(1 + bmr )k1[A¾a¾c + Aqaq] +

(1 + bmr )[A¾(k1½¾c ¡ 1)¾2
ct + Aq(k1½q ¡ 1)qt ];

(69)

and
Vart (mt+1 + r t+1 ) = Vart [(1 + bmg + bmr )gt+1 ] +

Vart [(1 + bmr )(A¾k1¾2
c;t+1 + Aqk1qt+1 )]:

(70)

This can be expressedas

Vart (mt+1 + r t+1 ) = (1 + bmg + bmr )2¾2
ct +

(1 + bmr )2(A2
¾k2

1qt + A2
qk2

1Á2
qqt )

(71)

The assetpricing equation is

0 = Et (mt+1 + r t+1 ) +
1
2

Vart (mt+1 + r t+1 ) (72)

Setting to zero the constant term yields

A0 =
bm0 + (1 + bmr )[k0 + k1(A¾a¾c + Aqaq)] + (1 + bmg + bmr )¹ c

(1 + bmr )(1 ¡ k1)
: (73)

The term for ¾2
ct is

(1 + bmr )(k1½¾c ¡ 1)A¾¾2
ct +

1
2

(1 + bmg + bmr )2¾2
ct (74)

and setting it to zerogives

A¾ =
1
2(1 + bmg + bmr )2

(1 + bmr )(1 ¡ k1½¾c)
: (75)
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The term for qt is

(1 + bmr )(k1½q ¡ 1)Aqqt +
1
2

(1 + bmr )2(A2
¾k2

1qt + A2
qk2

1Á2
qqt ): (76)

and setting it to zerogivesa quadratic in Aq:

(1 + bmr )A2
¾k2

1 + 2(k1½q ¡ 1)Aq + (1 + bmr )k2
1Á2

qA2
q = 0: (77)

There are two real solutions

A+
q ; A ¡

q =
1 ¡ k1½q §

q
(1 ¡ k1½q)2 ¡ (1 + bmr )2k4

1Á2
qA2

¾

(1 + bmr )k2
1Á2

q
(78)

so long as

Á2
q ·

(1 ¡ k1½q)2

(1 + bmr )2k4
1A2

¾
: (79)

Note that

lim
Áq ! 0

Á2
qA+

q 6= 0; (80)

which is economicallyunappealing, so we take the other root and set

Aq =
1 ¡ k1½q ¡

q
(1 ¡ k1½q)2 ¡ (1 + bmr )2k4

1Á2
qA2

¾

(1 + bmr )k2
1Á2

q
: (81)

The solution for the log price dividend ratio is thus

vt = A0 + A¾¾2
ct + Aqqt (82)

where expressionsfor A0; A¾; Aq are given immediately above. Under Epstein-Zin-

Weil preferencesthe coe±cients are

A0 =
µ[log(±) + k0 + k1(A¾a¾c + Aqaq)] + (1 ¡ ° )¹ c

µ(1 ¡ k1)
(83)

or

A0 =
log(±) + k0 + k1(A¾a¾c + Aqaq)

1 ¡ k1
+

(1 ¡ ° )¹ c

µ(1 ¡ k1)
(84)

and

A¾ =
1
2(1 ¡ ° )2

µ(1 ¡ k1½¾c)
(85)

Aq =
1 ¡ k1½q ¡

q
(1 ¡ k1½q)2 ¡ µ2k4

1Á2
qA2

¾

µk2
1Á2

q
(86)

20



The reducedform expressionsfor the MRS, the return, and the price change,are

derived as follows. Start with

mt+1 = bm0 + bmggt+1 + bmr r t+1 (87)

mt+1 = bm0 + bmg ¹ c + bmg¾ctzc;t+1 + bmr (k0 + k1vt+1 ¡ vt + gt+1 ): (88)

Hence

mt+1 = b¤
m0 + bmr A¾(k1½¾c ¡ 1)¾2

ct + bmr Aq(k1½q ¡ 1)qt +

(bmg + bmr )¾ctzc;t+1 + bmr k1A¾q
1
2
t z¾;t+1 + bmr k1AqÁqq

1
2
t zq;t+1

(89)

where
b¤

m0 = bm0 + (bmg + bmr )¹ c + bmr [k0 + k1(A¾a¾c + Aqaq) ] +

bmr (k1 ¡ 1)A0

(90)

Under Epstein-Zin-Weil preferencesthe solution for the MRS is

mt+1 = b¤
m0 + (µ ¡ 1)A¾(k1½¾c ¡ 1)¾2

ct + (µ ¡ 1)Aq(k1½q ¡ 1)qt +

¡ ° ¾ctzc;t+1 + (µ ¡ 1)k1A¾q
1
2
t z¾;t+1 + (µ ¡ 1)k1AqÁqq

1
2
t zq;t+1

(91)

with
b¤

m0 = µlog(±) ¡ ° ¹ g + (µ ¡ 1)[k0 + k1(A¾a¾c + Aqaq) ] +

(µ ¡ 1)(k1 ¡ 1)A0

(92)

To obtain the reducedform expressionsfor the return start with

r t+1 = k0 + k1vt+1 ¡ vt + gt+1 (93)

r t+1 = k0 + k1(A0 + A¾¾2
c;t+1 + Aqqt+1 ) ¡ (A0 + A¾¾2

ct + Aqqt ) + gt+1 (94)

which gives

r t+1 = br 0 + A¾(k1½¾c ¡ 1)¾2
ct + Aq(k1½q ¡ 1)qt +

¾ctzc;t+1 + k1A¾q
1
2
t z¾;t+1 + k1AqÁqq

1
2
t zq;t+1

(95)

where

br 0 = ¹ g + k0 + (k1 ¡ 1)A0 + k1(A¾a¾c + Aqaq) (96)

For the price changestart with

¢ pt+1 = pt+1 ¡ pt = vt+1 ¡ vt + gt+1 (97)
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which leadsto

¢ pt+1 = bp0 + A¾(½¾c ¡ 1)¾2
ct + Aq(½q ¡ 1)qt +

¾ctzc;t+1 + A¾q
1
2
t z¾;t+1 + AqÁqq

1
2
t zq;t+1

(98)

where

bp0 = ¹ c + A¾a¾c + Aqaq (99)

The risklessrate, r f t , is the solution to

¡ r f t = Et (mt+1 ) +
1
2

Vart (mt+1 ); (100)

which works out to

¡ r f t = b¤
m0 ¡ (1 ¡ µ) [A¾(k1½¾c ¡ 1)¾2

ct + Aq(k1½q ¡ 1)qt ] +

= 1
2° 2¾2

ct + 1
2(µ ¡ 1)2k2

1(A2
¾ + Á2

qA2
q)qt :

(101)
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7 Tables and Figures
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Table 1: ParameterSettings CasesA and B

Parameter CaseA CaseB

a¾c 0.10e-06 0.10e-06
½¾c 0.98 0.98
aq 0.20e-06 0.20e-06
½q 0.20 0.20
Áq 0.10e-06 0.10e-06
± 0.9949 0.9949
° 8.00 8.00

Ã 1.50 0.50

¹ c 0.163e-02 0.163e-02
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Dynamic Leverage Plot, VIX with S&P100 Return, Daily

Day

Figure 1: The ¯gure shows shows the correlation Corr(¢ pt ; vix t+ k), at the daily fre-
quency for k = 0; 1; : : : 50 and for k = ¡ 1; ¡ 2; : : : ; ¡ 50. The daily log-price change
is for the S&P 100 Index and the VIX index is the daily closingvalue. The sample
period is 1990-01-02{2004-05-21
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Figure 2: The ¯gure shows shows the correlation Corr(¢ pj ); vix j + l ), at the monthly
frequencyfor l = 0; 1; : : : 5 and for l = ¡ 1; ¡ 2; : : : ; ¡ 5. The monthly averagelog-price
change¢ p is for the S&P 100 Index and the monthly VIX value vix is the average
of daily closingvalues. The sampleperiod is 1990-01{2004-05
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Autocorrelations of Conditional Volatility, Case A: y =1.50
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Autocorrelations of Conditional Volatility, Case B: y =0.50

Figure 3: Each panel shows the autocorrelation function of the conditional variance
process: Corr(¾2

pt ; ¾2
p;t+ j ); j = ¡ 50; : : : ; 50. The top panel is computed under the

parameter settings A of Table 1, where the inter-temporal elasticity of substitution
is Ã = 1:50; the bottom panel is computed under settings B of Table 1, where the
inter-temporal elasticity of substitution is Ã = 0:50. Comparisonof the two panels
indicates that the the autocorrelation function of the conditional varianceprocessis
very insensitive to the value of Ã.
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Dynamic Leverage Correlations, Case B: y =0.50

Figure 4: The right sideof each panelshows the unconditional correlation of the price
changewith subsequent volatilit y, Corr(¢ pt ; ¾2

p;t+ j ); j = 1; 2; : : : 50, and the left side
shows the correlation of the price changewith laggedvolatilit y, Corr(¢ pt ; ¾2

p;t¡ j ); j =
1; 2; : : : 50. The top panel pertains to the parametersettingsA of Table 1, wherethe
inter-temporal elasticity of substitution is Ã = 1:50; the bottom panelpertains to the
parametersettingsB of Table 1, wherethe inter-temporal elasticity of substitution is
Ã = 0:50. Comparisonof the two panelsindicates that the sign of the leveragee®ect
dependsupon the value of Ã relative to unity.
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